Nonlinear mechanics of multimaterial thermoviscoelastic architected materials with snap-through instabilities by Che, Kaikai
Nonlinear mechanics of multimaterial








of the Requirements for the Degree
Doctor of Philosophy in the
George W. Woodru School of Mechanical Engineering
Georgia Institute of Technology
December 2018
COPYRIGHT c⃝2018 BY KAIKAI CHE
Nonlinear mechanics of multimaterial
thermoviscoelastic architected materials with
snap-through instabilities
Approved by: (pending approval)
Dr. Julien Meaud
Advisor, Committee Chair
School of Mechanical Engineering
Georgia Institute of Technology
Dr. H. Jerry Qi
School of Mechanical Engineering
Georgia Institute of Technology
Dr. Alper Erturk
School of Mechanical Engineering
Georgia Institute of Technology
Dr. Massimo Ruzzene
School of Aerospace Engineering
Georgia Institute of Technology
Dr. Julian Jose Rimoli
School of Aerospace Engineering
Georgia Institute of Technology
Date Approved: Aug. 24th, 2018

Acknowledgements
I would like to express my deepest appreciation to my advisor, the committee chair Professor
Julien Meaud, who have continuously provided support and help for the past four years. Dr.
Meaud is one of the smartest people that I know. When I had diculties encountered in
my research, he can always provide valuable insights and directions for me to solve these
problems. He is a serious, enthusiastic, and energetic scholar. From Dr. Meaud, I learnt
the spirit of adventure in regard to research and scholarship. During the past month, he
provided valuable review and discussions about this dissertation. Without his persistent help
and insightful guidance, this dissertation would not have been possible all in one month.
I would like to thank Professor H. Jerry Qi for the use of the experimental facilities in
his lab and discussions of my research. I wold also want to thank my committee members,
Professor Alper Erturk, Professor Massimo Ruzzene and Professor Julian Jose Rimoli for
their valuable discussions and suggestions about this dissertation.
I want to thank Kashyap Alur for the help of python scripts, Jiangtao Wu and Chao
Yuan for the help of 3D printing, MTS experiments and their useful discussions. I would
like to thank Elisa Boatti for the help with MTS/TestWorks and the software for the video
processing. I also want to thank the members of the lab, Charlsie Lemons, Thomas Bowling
and Haiqi Wen for the valuable discussions and advices during the group meetings.
I also thank my friends for providing support. I deeply thank my parents, sisters and
my girlfriend. Without their consistent support, I would not be able to nish my graduate
study. I love them so much.
Table of Contents
Acknowledgements iii
List of Tables viii
List of Figures viii
Summary xxi
1 Introduction 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2.1 Architected materials . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2.2 Architected materials with snap-through instability . . . . . . . . . . 4
1.2.3 Mechanical properties of polymers . . . . . . . . . . . . . . . . . . . . 8
1.2.4 Buckling of viscoelastic composites and architected materials . . . . . 11
1.3 Objectives and outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2 Mechanics of unit cells with snap-through instabilities 15
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Theoretical model of unit cell with elastic constitutive model . . . . . . . . . 17
2.2.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Validation of the theoretical model of elastic unit cell . . . . . . . . . 23
iv
2.2.3 Analysis of the mechanics of elastic unit cell . . . . . . . . . . . . . . 25
2.3 Theoretical model of unit cell with thermoviscoelastic constitutive model . . 28
2.3.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.3.2 Validation of the theoretical model of viscoelastic unit cell . . . . . . 36
2.3.3 Analysis of the mechanics of viscoelastic unit cell . . . . . . . . . . . 44
2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3 Elastic architected materials with a deterministic snapping sequence 48
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2 Theoretical model for multilayer architected materials with snap-through in-
stabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.3 Experimental methods and nite element model . . . . . . . . . . . . . . . . 53
3.3.1 Experimental methods . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3.2 Finite element model . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4.1 Analysis of the strain energy landscape for architected materials with
identical unit cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4.2 Varying the thickness to obtain a deterministic snapping sequence . . 56
3.4.3 Using mode shape imperfection to obtain a deterministic snapping
sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4.4 Experimental validation . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4 Viscoelastic multistable architected materials with temperature-dependent
snapping sequence 69
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.2 Design and fabrication of multimaterial architected materials with snap-through
instabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
v
4.3 Mechanical testing and nite element models . . . . . . . . . . . . . . . . . . 72
4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.4.1 The snapping sequence can be tuned using temperature . . . . . . . . 73
4.4.2 Inuence of the geometrical parameters on the critical temperature . 75
4.4.3 Multiple snapping sequence switchings in N-layer architected materials 77
4.4.4 Exploiting temperature-dependent snapping sequences to obtain ma-
terials with tunable stiness . . . . . . . . . . . . . . . . . . . . . . . 79
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5 Time-dependent snapping of thermoviscoelastic architected materials with
snap-through instabilities 88
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.2 Inuence of viscoelasticity on the bistability of architected materials . . . . . 89
5.2.1 FEA model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2.2 Bistability of architected material made of an elastic material . . . . 90
5.2.3 Bistability of architected material made of an viscoelastic material . . 91
5.3 Critical time for architected materials with viscoelastic material . . . . . . . 93
5.3.1 Denition of critical time . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.3.2 Inuence of geometric design and temperature . . . . . . . . . . . . . 94
5.3.3 Experimental validation . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.3.4 Inuence of imperfections on the critical time . . . . . . . . . . . . . 99
5.4 Extension to multimaterial multi-layer architected materials . . . . . . . . . 103
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6 Conclusion 105
6.1 Summary of the completed research . . . . . . . . . . . . . . . . . . . . . . . 105
6.2 Opportunities for future work . . . . . . . . . . . . . . . . . . . . . . . . . . 107
vi
Appendix 108
Appendix A: Material model parameters . . . . . . . . . . . . . . . . . . . . . . . 108




5.1 Geometrical parameters for printed samples . . . . . . . . . . . . . . . . . . 99
1 Other parameters in the viscoelastic model . . . . . . . . . . . . . . . . . . . 108
2 Parameters for the viscoelastic branches in the viscoelastic model . . . . . . 109
viii
List of Figures
1.1 a. A clamped-clamped beam element, dashed lines represent the other cong-
uration of this beam. b. Force vs displacement and strain energy vs displace-
ment for a bistable element (points 1⃝ and 2⃝ are stable equilibrium positions
correspond to minima in the strain energy). c. Force vs displacement and
strain energy vs displacement for a monostable element (point 1⃝ is a stable
equilibrium position corresponds to a minimum in the strain energy). . . . . 5
1.2 Architected materials with snap-through instability. a) Restrepo et al., 20151.
b)Haghpanah et al., 20162. c) Correa et al., 20153. d) Shan et al., 20154. e)
Frenzel et al., 20165. f) Ren et al., 20186. (Reuse permissions obtained from
providers.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3 a) Hysteresis loop of linear viscoelastic materials b)Viscoelastic materials'
transient property Relaxation: stress and strain versus time. . . . . . . . . . 9
1.4 a. Storage modulus vs temperature of DM9895. b. tanδ vs temperature
of DM9895. c. Relaxation modulus vs time of DM9895 at two dierent
temperatures. (The frequency used in DMA test is 1Hz) . . . . . . . . . . . 10
1.5 Schematic of shape memory eect. . . . . . . . . . . . . . . . . . . . . . . . 11
1.6 Examples with pseudo-bistability. a) Santer, 20107. b) Brinkmeyer et al.,
20128. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
ix
2.1 Schematic of 1D architected material. a. An example of a 1D architected
material with 3 rows, each with 3 unit cells. b. Geometrical parameters of a
single unit cell. c. Simplied clamped-clamped beam model of the unit cell
(a transverse force, f , is applied at the midpoint of the beam). . . . . . . . . 16
2.2 Schematic of the unit cell model. The bottom edge is xed, and the x direction
displacement of the top edge is also xed. The displacement u is applied on
the top edge in y direction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3 Results of single unit cell w/o third mode imperfection (a3 = 0). a. Compar-
ison of normalized force vs. normalized deformation curves between theory
and nite element model. b. Comparisons of normalized strain vs. normalized
deformation curves between theory and nite element model. The geometrical
parameters have the following values: l/h = 30, h/t = 10, w = 15t, H = 1.5t,
and T = 30t. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.4 Results of single unit cell w/ third mode imperfection (a3 = 0.1). a. Compar-
ison of normalized force vs. normalized deformation curves between theory
and nite element model. b. Comparisons of normalized strain vs. normalized
deformation curves between theory and nite element model. The geometrical
parameters have the following values: l/h = 30, h/t = 10, w = 15t, H = 1.5t,
and T = 30t. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
x
2.5 Eects of geometric design on the mechanics of a unit cell with elastic material
(all unit cells without 3rd mode imperfection). A. Normalized force vs. nor-
malized deformation curves with dierent Q (the vertical arrows correspond
to the critical displacement d̄cr, and the horizontal arrows correspond to the
critical force f̄cr). B. Force Vs. normalized deformation curves with dierent
P and Q. C. Normalized critical force vs. Q curve. D. Contour plot of critical
force with dierent geometric designs h and t. The geometrical parameters
have the following values: w = 5.8t, H = 6t, and T = 11.6t (for gure B,
t = 0.25mm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6 Inuence of the 3rd mode shape imperfection on the mechanics of a unit cell
with elastic material. A. Normalized force vs. normalized deformation curves
with dierent a3. B. Normalized critical force vs. a3 curve. The geometrical
parameters have the following values: t = 0.25mm, Q = 5, H = 6t, P = 20,
and T = 11.6t. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.7 The Prony series schematic for the viscoelastic constitutive model. Ej (j =
0, 1, 2, . . . ,m) represents spring stiness, ηj (j = 1, 2, . . . ,m) represents the
viscosity of the jth branch and ηj = Ej/τj, where τj is the time constant of
the jth branch. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.8 Time constants of the digital material DM9895 used in this thesis. . . . . . . 33
2.9 Flowchart of solving the governing equation for theoretical model with vis-
coelastic constitutive model. . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.10 Schematic of FEA model for single unit cell with viscoelastic constitutive model. 37
2.11 Convergence study for single beam model with viscoelastic material (the im-
perfection size a3 = 0, ϵ̇ is the loading strain rate). The geometrical parame-
ters have the following values: l/h = 50, h/t = 10. . . . . . . . . . . . . . . . 38
xi
2.12 Inuence of the number of elements in FEA model of a unit cell with viscoelas-
tic constitutive model at room temperature (T = 20oC). The geometrical
parameters have the following values: l/h = 50, h/t = 10. . . . . . . . . . . . 39
2.13 Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitu-
tive model using dierent loading strain rates (the imperfection size a3 = 0).
A. The temperature is reference temperature T = −3oC. B. The temperature
is room temperature T = 20oC. Solid lines are results from theoretical models,
dashed lines are results from FEA simulations. The geometrical parameters
have the following values: l/h = 50, h/t = 10. . . . . . . . . . . . . . . . . . 40
2.14 Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic consti-
tutive model at dierent temperatures (the imperfection size a3 = 0). A.
T = 0oC. B. T = 30oC. C. T = 50oC. The loading strain rate is constant
(ϵ̇ = 1000s−1). Solid lines are results from theoretical models, dashed lines are
results from FEA simulations. The geometrical parameters have the following
values: l/h = 50, h/t = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.15 Comparison of mode amplitudes (the rst three symmetric modes) obtained
from theory and nite element model for a unit cell with viscoelastic consti-
tutive model at T = 50oC. A. No mode imperfection. B. The imperfection
size a3 = 0.01. The loading strain rate is constant (ϵ̇ = 1000s−1), solid lines
are results from theoretical models, dashed lines are results from FEA sim-
ulations. The geometrical parameters have the following values: l/h = 50,
h/t = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
xii
2.16 Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic con-
stitutive model with dierent imperfection sizes. The loading strain rate is
constant (ϵ̇ = 1000s−1), the temperature is T = 50oC. Solid lines are results
from theoretical model, dashed lines are results from FEA simulations. The
geometrical parameters have the following values: l/h = 50, h/t = 10. . . . . 43
2.17 Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitu-
tive model at dierent temperature (the imperfection size a3 = 0.01). A. T =
20oC. B. T = 50oC. The loading strain rate is constant (ϵ̇ = 1000s−1). Solid
lines are results from theoretical model, dashed lines are results from FEA
simulation. The geometrical parameters have the following values: l/h = 50,
h/t = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.18 Normalized critical force vs. temperature curves for single unit cell with vis-
coelastic constitutive model for dierent strain rates (the imperfection size
a3 = 0). The geometrical parameters have the following values: l/h = 50,
h/t = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.19 Normalized critical force vs. temperature curves for single unit cell with vis-
coelastic constitutive model with dierent imperfection sizes. The loading
strain rate is constant (ϵ̇ = 1000s−1), the geometrical parameters have the
following values: l/h = 50, h/t = 10. . . . . . . . . . . . . . . . . . . . . . . 46
3.1 Snapshots of compression experiments on two fabricated samples with iden-
tical unit cells. a. Sample #1 snapped from top to bottom. b. Sample #2
snapped from bottom to top. (ϵ is the eective strain of the samples at dier-
ent time step, which is dened by the ratio of the samples' displacement and
the overall height.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
xiii
3.2 a. Multiple unit cells in series. b. Schematics of the theoretical model with
multiple unit cells in series. . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3 3D printer used to print samples (Objet Connex 260) . . . . . . . . . . . . . 53
3.4 Contour plot of normalized total strain energy for two identical unit cells in
series as a function of the normalized deformations dtot and d1 (∗ denotes the
local maximum), the numerical values on the contour lines correspond to the
values of the normalized strain energy U tot. The red solid line corresponds
to one of the possible deformation paths during loading, the blue dashed line
corresponds to the other possible path. . . . . . . . . . . . . . . . . . . . . . 56
3.5 Results for single unit cell with dierent thickness. a. Normalized force vs.
deformation curves for single unit cells of dierent thicknesses. b. Normalized
strain energy vs. deformation curves for single unit cells of dierent thick-
nesses. In a and b, solid lines correspond to the theoretical model and dashed
lines to FEA simulations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.6 Theoretical analysis of the eect of varying the thickness from row to row on
the deformation path. a. Contours of the total strain energy of a architected
material with two unit cells with dierent thicknesses. The deformation path
obtained using the theoretical model is shown for loading (solid red line)
and unloading (dashed red line). b. Comparison between the deformation
paths of the architected material obtained using the theoretical model and
FEA simulations. c. Normalized force vs. normalized total deformation (for
loading only). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
xiv
3.7 Inuence of mode shape imperfection on the mechanics of single unit cell. a.
Architected material with two unit cells in series: unit cell 2 has no mode
shape imperfection (a3,2 = 0), unit cell 1 has a 3rd mode shape imperfection
(a3,1 = 0.1). b. and c. Comparison curves of normalized force vs. deformation
and normalized strain energy vs. deformation for single unit cell 2 with a3 = 0
and unit cell 1 with a3 = 0.1 (solid lines are theoretical results, dashed lines
are results from FEA). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.8 Theoretical analysis of the eect of mode shape imperfection on the deforma-
tion path. a. Contour plot of total strain energy for the architeced material
with two unit cells (shown in Fig. 3.7a). The deformation path obtained
using the theoretical model is shown for loading (solid red line) and unload-
ing (dashed red line). b. Comparison between the deformation paths of the
architected material (shown in a) obtained using the theoretical model and
FEA simulations. c. Normalized force vs. normalized total deformation (for
loading only). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.9 Experimental validation of the method of thickness variation to obtain a de-
terministic deformation sequence (architected material A). a. 5×5 multilayer
architected material with unit cells of thickness t varies from row to row. b.
The critical force contour for single unit cells (the cross points represents the
unit cells from architected material A with corresponding colors). c. and
d. Snapshots of the multilayer architecture at dierent values of the eective
strain ϵ (c. Experiment, d. FEA). . . . . . . . . . . . . . . . . . . . . . . . . 62
3.10 Experimental validation of the method of mode shape imperfection to obtain
a deterministic snapping sequence (architected material B). a. 5×5 multilayer
architected material with unit cells of mode imperfection size a3 varies from
row to row. b. and c. Snapshots of the multilayer architecture at dierent
values of the eective strain ϵ (b. Experiment, c. FEA). . . . . . . . . . . . . 63
xv
3.11 Quantitative analysis of the deformation sequence. a. Architected material
A (see Fig. 3.9a). b. Architected material B (see Fig. 3.10a). di is the
normalized deformation of row i dened as Eq. 3.4. The dashed black vertical
lines are corresponding to the eective strains of the snapshots in Fig. 3.9 and
Fig. 3.10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.12 Stress vs. strain curves for architected material A (a and b) and for architected
material B (c and d). In a and c, experimental data is compared to FEA with a
viscoelastic constitutive model. In b and d, the theoretical model is compared
to FEA simulations using an elastic constitutive model. . . . . . . . . . . . . 67
4.1 Bi-material architected materials with snap-through instabilities. A. Example
of 4-layer architected material (N = 4). B.Values of unit cell's geometric pa-
rameters. Fabricated samples use t0 = 0.25mm and an out-of-plane thickness
of 6mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2 A. Fabrication process for multimaterial architected materials. B. Example
of bi-material fabricated sample. . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3 Tuning the snapping sequence using temperature. A. Storage modulus vs
temperature for PEDGA and DM at 1Hz. B. Schematics of bilayer sample.
u1 and u2 are the displacements of the bottom and top layers, respectively.
C. and E. Snapshots of the compression tests at 20oC and 50oC. D. and F.
Comparison of the normalized deformation for the bottom layer, d1/h1, and
top layer, d2/h2, at 20oC and 50oC. The vertical dashed lines corresponds to
the eective strain value in the snapshots of panels C and E. . . . . . . . . . 75
xvi
4.4 Critical temperature vs thickness ratio: the area above the blue curve means
the bottom layer snaps rst (snapping sequence is L1 snaps rst, then L2
snaps), the area below the blue curve means the top layer snaps rst (snapping
sequence is L2 snaps rst, then L1 snaps), the gray-shaded area means there
is no snapping sequence switching snapping sequence is always L2 snaps rst,
then L1 snaps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.5 A. Example of fabricated sample with 4 layers where t2 = t3 = 1.2t4 and
t1 = 1.6t4. B. Snapping sequences and congurations at dierent tempera-
tures. C. Number of stable congurations obtained in response to compressive
deformation as function of the number of layers. . . . . . . . . . . . . . . . . 79
4.6 Design space. Each red cross correspond to a value of Pj and Qj that was
considered for each layer. The parameters of the fabricated design (Fig. 5A)
and of the best design are shown with stars and circles, respectively. The
squares represents parameter combinations that correspond to a monostable
design. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.7 FEA model of single layer. A. Boundary conditions for the top 3 layers. B.
Boundary condition for the bottom layer. . . . . . . . . . . . . . . . . . . . . 81
4.8 Value of the normalized stiness (k/(Eb)) in the undeformed conguration
(k0 in A and C) and deformed congurations (k1 in B and D) for a single
layer as function of P and Q. The normalized stiness is dened in Eq. 4.8. 82
4.9 A. FEA model of one bi-layer bimaterial architected material. B. Stiness
calculation process for conguration 01 of a bi-layer bimaterial architected
material. C. Loading temperature for 4-layer architected material (Fig. 4.10D). 84
xvii
4.10 Normalized eective stiness of the stable congurations for 4-layer archi-
tected materials. A. and B. Stiness values obtained with the spring model
for the design of Fig. 4.5 (A) and the best design (B). C. Comparison of the
stiness values obtained with the spring model and the direct nite element
simulations for the best design. D. Best design. . . . . . . . . . . . . . . . . 86
5.1 FEA model of single layer architected material. A. Schematics of the FEA
model comprised of three parts: loading cell, architected material model, bot-
tom xture. B. Loading history for the loading cell. . . . . . . . . . . . . . 90
5.2 Inuence of the non-dimensional parameter Q = h/t on the bistability of a
single layer elastic architected material. A. Normalized displacement vs time
curve for single layer architected material comprised of unit cells with Q = 2.7.
B. Normalized displacement vs time curve for single layer architected material
comprised of unit cells with Q = 3.0. C. Bistability limit for single layer
architected material with elastic material. (The normalized displacement is
dened to be the ratio of the displacement of the node on the top edge of
the sample utop to the initial height of curved part of the unit cell h.) The
geometrical parameters of the unit cell in the architected material model have
the following values: L/h = 4.91, T/h = 6.16, H/h = 1.55, w/h = 1.97,
h/t = Q. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.3 Results of FEA simulations for single layer architected materials with vis-
coelastic material. A-C. Normalized displacement vs time curves for single
layer architected materials comprised of unit cells with Q = 2.7 (A), Q = 2.83
(B) and Q = 2.95 (C). All simulations are at room temperature (T = 20oC). 92
5.4 Denition of tcr for time dependent snapping of single layer architected ma-
terial with viscoelastic material.) . . . . . . . . . . . . . . . . . . . . . . . . 93
xviii
5.5 Inuence of geometric design and temperature on the critical time tcr for
time dependent snapping of single layer architected material with viscoelastic
material (the maximum normalized displacement d̄ = 1.8), C is just the same
gure as B with linear y scale. x represents the the data points that have
critical time tcr > 5 hours. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.6 Snapshot from the recorded experiment video of sample with Q = 3.0. A.
Labeled points 1, 2, 3, 4 for post-processing of the video to obtain the defor-
mation history. 1, 2, 3, 4 corresponds to the sample top left, middle, right and
the loading cell. B, C, D, E, F and G are snapshots that correspond to the
onset of contact between the loading cell and sample, the end of the loading
step, the loading cell and sample began to separate from each other, the end
of unloading, right unit cell fully snapped back and the end of the experiment,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.7 Normalized displacement vs time from experiment for the single layer sam-
ples with dierent Q and temperature (only showing the data for the top
middle of the samples). A. Q = 2.7. B. Q = 3.0. The maximum normalized
displacement is 2.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.8 Eects of temperature and geometric design on critical time of single layer vis-
coelastic architected materials. Black circle symbol indicates that the sample
with Q = 3.2 did not snap back within 10 minutes at 20oC. . . . . . . . . . . 99
5.9 Inuence of higher mode imperfection on the critical time tcr for time depen-
dent snapping of single layer architected material with viscoelastic material
(the maximum normalized displacement d̄ = 1.8, Q = 2.85). . . . . . . . . . 100
5.10 Normalized displacement vs time from experiment for the single layer sample
with Q = 2.7. The maximum normalized displacement is 2.1. . . . . . . . . . 101
xix
5.11 Normalized displacement vs time from FEA simulations for the single layer
sample with Q = 2.7. A. No imperfection included in the curved shape of the
unit cells. B. Higher mode imperfections introduced (a2 = a3 = 0.1). . . . . . 102
5.12 Comparison of normalized displacement vs time between FEA simulations
with mode imperfection (a2 = a3 = 0.1) and experiment for the single layer
sample with Q = 2.7. The displacement of point 2 (see Fig. 5.6A) was used. 102
5.13 Experiment result of time dependent switching for a bilayer bimaterial archi-
tected material with 30mm/min loading velocity at 35oC . . . . . . . . . . . 103
xx
Summary
Architected materials have unusual and interesting properties that are typically unachiev-
able using conventional materials. Many researchers have previously focused on the design
and analysis of architected materials with snap-through instabilities. This thesis aims to in-
vestigate the inuence of geometric parameters, temperature and time on the snap-through
buckling of one-dimensional (1D) thermoviscoelastic architected materials for applications
as recongurable architected materials. Rigorous theoretical models of a unit cell with snap-
through instabilities are rst developed for both the cases of elastic and thermoviscoelastic
constitutive models. These theoretical models are utilized to analyze the inuence of ge-
ometric design, temperature and strain rate on the mechanics of the unit cell. With the
understanding of the nonlinear mechanics of the unit cells, strategies (such as introducing
small geometric variations in the unit cell design or varying the temperature) are proposed
and implemented to tune the snapping sequences of architected materials made of unit cells
with snap-through instabilities. With the help of the theoretical model, FEA simulations
and experiments, temperature is utilized to tune the snapping sequence of these multima-
terial architected materials after their fabrication. Furthermore, it is shown that a time-
dependent snapping behavior can be observed in a viscoelastic architected material that has
snap-through instabilities. The inuence of geometric parameters and temperature on this
time-dependent snapping is analyzed. The results provide fundamental understandings of
interesting mechanical response that depends on time and temperature, which could help







Smart materials whose material properties and architectures can be recongurable are the
focus of active studies1,4,2,5. This dissertation concentrates on one new type of recong-
urable architected material, which is a multilayer viscoelastic architected material with
snap-through instabilities. In order to better understand the nonlinear mechanics of this
type of architected materials with thermo-viscoelastic material, the mechanics of architected
materials with elastic constituent model was analyzed as the rst step. With the help of a
theoretical model and FEA simulations, the relationship between applied force and defor-
mation of elastic architected materials with snap-through instabilities was established. The
conguration switching in these materials was studied and tuned by geometric variations,
which was validated by experiments on 3D printed samples. With these understandings
about this architected material with elastic material, a theoretical model with viscoelastic
constitutive model was further developed to study the eects of viscoelasticity on the me-
chanical response of these architected materials. Parameters of temperature and geometric
design were employed to control and tune the buckling response of these architected ma-
terials. Moreover, the time-dependent snapping of a single layer viscoelastic architected
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material was also investigated. The understanding about the buckling properties of these
architected materials with snap-through instabilities paves a way for researchers to design
new recongurable and switchable architected materials for novel applications.
1.2 Background
1.2.1 Architected materials
The techniques of additive manufacturing have enabled and facilitated the design and anal-
ysis of structures with a periodic architecture (often called architected materials or meta-
materials)9. Their eective properties are not derived from the intrinsic bulk properties of
the constituent materials, but from the newly designed microarchitecture10. The periodicity
of architected materials enables some uncommon properties that are not seen in natural or
conventional materials11,12. For example, acoustic architected materials can exhibit unusual
acoustic behavior, such as the ability to guide or stop elastic wave propagation along a
desired path13,14,15,16. Other interesting and unconventional properties of architected mate-
rials include negative bulk modulus17,18,19,20, negative Poisson's ratio21,22,23,24,25, high specic
energy absorption26,27,28,29,4,30,31, or negative (dynamic) mass17,20,32,33.
However, the functionality of an architected material is limited if its properties are not
tunable after its fabrication. Some recent studies have developed tunable architected mate-
rials by exploiting elastic instabilities that can cause congurational changes in the microar-
chitecture of these architected materials34. Buckling and post-buckling problems have been
studied for decades35,36, but it has only been used recently to enhance architected materials'
functionality by introducing reversible and repeatable congurational changes. For exam-
ple, Mullin et al.37 utilized reversible elastic instabilities to cause pattern transformation
for one designed periodic structure with circular holes. Under uniaxial compression loading,
the structure can have a dramatic conguration transformation even with very small strain
change. This property provides the materials' opportunity in applications as optical switches.
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The reconguration and buckling of various types of architected materials and cellular mate-
rials have been studied. For example, Bertoldi et al.38 systematically analyzed the mechanics
of deformation-induced conguration transformations for periodic structures with holes of
dierent shapes. Recently, it has been shown that honeycombs, one of the most commonly
studied architecture for 2D cellular materials35, have a very diverse range of buckling modes
depending on the geometry of the unit cell (triangular, rectangular, hexagonal, etc), direction
of the applied loads and level of hierarchy39,40. Pal et al.41 developed a continuum model to
analyze phase transitions for a 2D hexagonal lattice under large deformations. Rimoli and
Pal42 also studied the mechanics of 3D tensegrity lattices from truncated octahedron unit
cells. With nonlinear geometric eects and buckling related to the unit cell, their design
demonstrated high strength with low density.
These interesting pattern transformations introduced by elastic instabilities have found
applications as tunable acoustic metamaterials40 and auxetic materials43. For example,
Bertoldi and Boyce44,45 studied the wave propagation properties of a type of elastomeric
materials with periodic holes. The results demonstrated that the materials' pattern trans-
formations triggered by elastic instabilities are able to tune and change bandgaps. Besides
potential applications in wave propagation, this type of periodic microstructure with holes
also exhibits a negative Poisson's ratio because of a pattern transformation induced by
elastic instabilities46. By exploiting buckling to induce pattern transformation, Babaee et
al.22 and Liu et al.47 designed dierent types of metamaterials that also demonstrate aux-
etic behavior. With phase transitions caused by buckling, Pal et al. and Salahshooret al.
also investigated the wave propagation48 and material symmetry49 in 3D tensegrity meta-
materials. Many other researchers also utilized reversible changes in the microarchitecture
geometry due to elastic instabilities to design structures that are able to tune the bandgaps
in acoustic50,51,52,53,54 and photonic55,56 metamaterials. All these previous studies give valu-
able insights about the mechanics and potential application of recongurable architected
materials with elastic instabilities. However, most of the designs require external load to
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maintain the deformed congurations. Due to this, the functionality of these recongurable
metamaterials may be limited for certain practical situations. Thus, it is necessary to exploit
some approaches, like shape memory eect57 or multistability54,58 to design a recongurable
material that can remain in a deformed conguration after removal of external stimulus.
Besides elastic instabilities, dierent types of stimuli, like temperature59, magnetic eld60,61,
or ambient pressure62 have been used to tune recongurable architected materials to obtain
multifunctional properties. Moreover, some researchers63,64 utilized water to actuate the ge-
ometric recongurations of 3D printed materials. All these studies reveal important ndings
about recongurable materials.
1.2.2 Architected materials with snap-through instability
While there are many approaches to obtain recongurable architected materials, this work
focuses on recongurable architected materials with snap-through instabilities. A snap-
through instability is a kind of elastic instability in which a structure instantaneously jumps
from one conguration to another conguration when an applied stimulus reaches a critical
level65. This kind of snap-through behavior is related to a unstable region of negative
stiness, which does not resist but actually assists the deformation66. The fundamental
mechanics and potential applications of snap-through instabilities have been studied for a
long time67,68,69,70. Using modal superposition method, Qiu et al.69 developed a theoretical
model and analyzed the relationship between applied force and deformation of a initially
curved beam. They derived the corresponding mathematical expressions to describe the
relationship between force and deformation. Interestingly, the results show that the force-
deformation relation is only dependent on one geometric constant Q, which is the ratio
between the initial height (h in Fig. 1.1a) and thickness (t in Fig. 1.1a) of the beam. Based
on dierent values of Q, a clamped-clamped beam as shown in Fig. 1.1a can be monostable,
i.e. it returns to its undeformed conguration after removal of the load, or bistable, i .e., it
has two states corresponding to a local minimum in the strain energy such that the element
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can remain in a deformed conguration even after removal of the load. The dierences
between these two types of elements are clearly demonstrated by their force vs displacement
and strain energy vs displacement curves (Fig. 1.1b-c). From Fig. 1.1b, the unstable region
of negative stiness is from point I to point II. If the element is compressed in a force control
manner, it would jump from the local peak in the force (point I, referred as critical force)
to the point with the same force value (point III). This means the system cannot follow the
static equilibrium path and has to jump to the stable region where it can bear loading above
the critical force. The two equilibrium positions of a bistable element are shown as point 1⃝
and 2⃝ in Fig. 1.1b (where f = 0, du/dd = 0); while for a monostable element, there is only
one local equilibrium position shown as point 1⃝ in Fig. 1.1c.





















Q >2.31 Q <2.31
FIG. 1.1. a. A clamped-clamped beam element, dashed lines represent the other cong-
uration of this beam. b. Force vs displacement and strain energy vs displacement for a
bistable element (points 1⃝ and 2⃝ are stable equilibrium positions correspond to minima
in the strain energy). c. Force vs displacement and strain energy vs displacement for a
monostable element (point 1⃝ is a stable equilibrium position corresponds to a minimum in
the strain energy).
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Many new designs of architected materials with snap-through instability have been pro-
posed and analyzed4,3,1,71,2. For example, Restrepo et al.1 (Fig. 1.2a) and Correa et al.3
(Fig. 1.2c) developed architected materials that are made up of multiple unit cells that each
includes an initially curved beam. Through the elastic snap-through of a high number of unit
cells arranged in series, this kind of architected material can exhibit large hysteresis loops
in response to cyclic loads. Because of these hysteresis loops, these architected materials
dissipate a large amount of mechanical energy. In contrast to traditional honeycombs that
rely on plastic energy dissipation, the deformation can be fully recovered in these architected
materials. While some of the proposed architected materials with snap-through instabilities
are monostable (for example the negative stiness honeycombs designed by Correa et al.3),
other designs are multistable, i .e., they have multiple stable congurations obtained because
their building blocks are bistable. For example, Shan et al.4 (Fig. 1.2d) developed multi-
stable architected materials using bistable tilted beams. These architected materials can
achieve large deformations and oer signicant energy absorption capacity due to the ability
of the material to trap elastic energy in a stable deformed conguration in response to an im-
pact. Haghpanah et al.2 (Fig. 1.2b) investigated another design for multistable architected
materials, based on bistable structural elements designed to be considerably stronger than
previous designs. Frenzel et al.5 (Fig. 1.2e) designed a programmable reusable light-weight
shock absorber that can either self-recover or have multiple stable equilibria by utilizing
the inner elements' buckling. While these previous studies focus on multistable architected
materials in response to compressive loads, Rafsanjani et al.71 showed that the design of
architectures that exhibit multistability in response to tensile loads is possible. Wu et al.72
presented modular, engineered structures that have multiple stable states. They systemat-
ically discussed the the parameters that can be used to tailor the structures' functionality.
Ren et al.6 designed and analyzed architected materials with similar curved beam as in the
research of Qiu et al.69, Restrepo et al.1 and Correa et al.3. In this research, they explored
unidirectional, bidirectional and tridirectional metamaterials with negative stiness (Fig.
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1.2f). They theoretically and numerically investigated the the architected materials' quasi-
static and dynamic response behavior. The results demonstrated the potential application
of these architected materials in energy absorption and vibration isolation.
a) b) c)
d) e) f)
FIG. 1.2. Architected materials with snap-through instability. a) Restrepo et al., 20151.
b)Haghpanah et al., 20162. c) Correa et al., 20153. d) Shan et al., 20154. e) Frenzel et al.,
20165. f) Ren et al., 20186. (Reuse permissions obtained from providers.)
Materials with periodic structures could have important applications in wave propaga-
tion. These materials are commonly called acoustic metamaterials or phononic materials73.
Compared with traditional phononic materials that cannot be changed after fabrication,
recongurable phononic materials could be used to switch the direction of wave propaga-
tion74,75 and reversibly tune the bandgaps52. Many researchers utilized elements with snap-
through instability to design phononic materials and study their wave propagation proper-
ties76,77,78,54,79. For example, Nadkarni et al.76 studied the wave propagation properties of
a periodic chain consisting of bistable elements. Using analytical and numerical solutions,
they demonstrated that three dierent regimes of wave propagation exist depending on the
wave amplitudes. In response to large wave amplitude, interesting nonlinear phenomena are
observed, such as unidirectional propagation of transition waves80 or the ability of waves
to propagate over large distances despite the presence of dissipation mechanisms77. Fra-
zier and Kochmann78 recently showed that nonlinear waves of suciently large amplitude
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can propagate and transmit energy within the linear band gap frequencies of 1D chains of
bistable elements. Meaud and Che54 demonstrated that multistable architected materials
can be used as recongurable phononic crystals with broadband phononic band gaps; switch-
ing from one stable conguration to another one allows to switch on/o the propagation of
elastic waves. One advantage of recongurable metamaterial made of bistable unit cells is
that the system is able to remain in a deformed stable conguration after removal of the
external stimulus. With similar unit cells as in Correa et al.3, Goldsberry and Haberman79
studied the wave propagation of a negative stiness honeycomb. Their results showed that
this kind of negative stiness honeycomb exhibits high tunability and anisotropy because of
switchable congurations induced by buckling instabilities.
1.2.3 Mechanical properties of polymers
As in many of the previously mentioned works on architected materials31,55,71, the consid-
ered architected materials in this work are fabricated using polymers. Unlike elastic materials
whose stress-strain relationship is not related to temperature, polymers are thermoviscoelas-
tic materials, which are not only temperature-dependent, but also time-dependent81. Under
cyclic loading, hysteresis loop is observed in a polymer's stress-strain curve (as shown in Fig.
1.3a). When a polymer is applied a small harmonic oscillating stress, the measured resulting
strain will exhibit some lag due to viscoelastic eects. The stress σ(t) and strain ϵ(t) are
expressed as the following expressions82,
σ(t) = σ∗eiωt (1.1)
ϵ(t) = ϵ∗eiωt = |ϵ∗|ei(wt−δ) (1.2)
where i2 = −1, ω is the angular frequency, σ∗ is the complex magnitude of stress, ϵ∗ is the
complex magnitude of strain, and δ is the phase shift between stress and strain.
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= E ′ + iE ′′ (1.3)
where E ′ is the storage modulus (measure of the energy stored), and E ′′ is the loss modulus
(measure of the energy lost). The tangent of the phase shift δ between stress σ(t) and strain





Creep and relaxation are two transient properties of viscoelastic materials82. Creep
corresponds to an increase of the strain in viscoelastic material over time when a step of
constant stress is applied. Relaxation corresponds to a time-dependent decrease of stress in
viscoelastic materials when a step constant strain with amplitude ϵ0 is applied (as shown in
Fig. 1.3b). The relaxation modulus is dened as the ratio between stress and strain, which









FIG. 1.3. a) Hysteresis loop of linear viscoelastic materials b)Viscoelastic materials' transient
property Relaxation: stress and strain versus time.
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The storage modulus, loss modulus and tan δ can be characterized by Dynamic Material
Analysis (DMA) through applying a sinusoidal deformation to the material at a single or at
multiple frequencies, and recording the material's response. One DMA result of a polymer
DM9895 (one material that was used in this research)83 is shown in Fig. 1.4a-b. As shown
in Fig. 1.4a, the storage modulus decreases and the material becomes softer as temperature
increases. As demonstrated in Fig. 1.4c, due to the relaxation of the viscoelastic polymer, the
relaxation modulus drops as time passes. Moreover, with higher temperature, the relaxation
modulus decreases faster. The temperature and time-dependent properties of polymers oer
opportunities for tunability in architected materials, in which modulus could be tuned by

















































FIG. 1.4. a. Storage modulus vs temperature of DM9895. b. tanδ vs temperature of
DM9895. c. Relaxation modulus vs time of DM9895 at two dierent temperatures. (The
frequency used in DMA test is 1Hz)
The shape memory eect is another important property of polymers. Shape memory
polymers are able to memorize temporary shapes and return to their initial shapes with
exposure of external stimuli, such as temperature83, pressure84, light85 or magnetic eld86.
Since its discovery, it has been used in a wide range of applications, such as self-folding
structures63, smart robot87, biomedical devices88,89. For thermal shape memory polymers,
Fig. 1.5 gives the process (heating, deformation, cooling) of shape memory eects. The
polymer initially stays at its permanent shape after fabrication. An external force is applied
at a temperature above the glass transition temperature, Tg (the temperature at which
polymer experiences transition from a hard `glassy' state into a viscous or rubbery state90)
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to deform the polymer. After being deformed, the polymer is cooled to lower temperature
to locked the temporary shape. When the polymer is heated at temperature over Tg, it
will recover to its memorized initial shape. Some researchers utilized shape memory eects
in polymers to lock the buckled shape of architected materials by mechanical loading then
release such locked shape57,87. While the polymers used in this research are shape memory
polymers, the shape memory eect is not exploited; the results of this research are based on
the fact that the stiness of polymer is temperature and time-dependent.
Initial shape Deformation Temporary shape Shape recovery
FIG. 1.5. Schematic of shape memory eect.
1.2.4 Buckling of viscoelastic composites and architected materials
Buckling of viscoelastic materials is more complex than elastic materials due to the time-
dependent and temperature-dependent properties of polymers. For example, elastic archi-
tected materials with snap-through instabilities are either bistable or monostable. However,
the distinction between monostable and bistable behaviors becomes blurry for the case of
viscoelastic architected materials. Because of the time-dependent property, a viscoelastic
structure can be pseudo-bistable91, which means the structure will remain in a nominally
unstable equilibrium before returning back to its initial state after certain time period. The
advantage of these pseudo-bistable structures is that it removes the actuation requirement
to return to its original conguration. Using pseudo-bistability, programmable self-recovery
structures were designed and analyzed based on structures with snap-through instabilities.
For example, Santer7 demonstrated that there is a temporary stable state for a hemispherical
cap in deformed conguration. Due to the material's viscoelasticity eect, this temporary
bistability may be lost after certain time and the structure suddenly jumps to the initial
conguration (see Fig. 1.6a). Brinkmeyer et al.91 investigated the pseudo-bistability phe-
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nomenon in a spherical dome by FEA simulations (see Fig. 1.6b) and experiments . Then
Brinkmeyer et al.8 employed a discrete truss model to systematically analyze the principles
of pseudo-bistability phenomenon and study the eects of geometry and boundary condition
on the pseudo-bistability, especially their inuence on the recovery time.
a) b)
FIG. 1.6. Examples with pseudo-bistability. a) Santer, 20107. b) Brinkmeyer et al., 20128.
Beside the time-dependent buckling of viscoelastic materials, previous work has also
shown that the buckling of viscoelastic materials is rate-dependent. Huang and Suo devel-
oped theoretical models for the buckling modes and growth rate for wrinkling instabilities of
a compressed elastic lm on a viscous layer92,93. Alur et al. analyzed the nite deformation
mechanics of viscoelastic layered composites that consist of alternating layers of a sti elastic
constituent and layers of a soft viscoelastic constituent94,95. The numerical results from94,95
and experiments from96 demonstrate that the buckling modes of viscoelastic layered com-
posites can switch from a wrinkling mode to a longwave buckling instability as the strain
rate is varied.
1.3 Objectives and outline
These previous works all provide important understandings on the mechanics of architected
materials with snap-through instabilities and give valuable insights about time-dependent
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and rate-dependent properties of buckling in viscoelastic materials. This work mainly aims to
obtain controllable and programmable architected materials with switchable congurations
and to study the parameters that can inuence the conguration switching of the archi-
tected materials with snap-through instabilities. With recongurable properties and nega-
tive stiness, these kind of architected materials may have many interesting and promising
applications in energy absorption and impact absorber. Moreover, due to pseudo-bistability
behavior, these materials can be employed to design self-deployed robots used in aerospace
engineering or bio-medicine elds. Also these materials can be utilized as phononic and
acoustic materials to tune and guide wave propagation.
The objective of my work is to study the fundamental mechanics of one kind of tunable
thermoviscoelastic architected materials with snap-through instabilities. This study would
help to expedite the applications of this novel material design. Most of previous work on
architected materials with snap-through instabilities have not considered the inuence of
viscoelasticity. However, 3D printing using viscoelastic polymers is commonly used to fab-
ricate architected materials. This dissertation addresses the following research questions:
What is the eects of viscoelasticity on the materials' response of 3D printed designs? How
can temperature and time aect the buckling of these architected materials? Can a general
design criterion generated for the mechanical response in these archtected materials with
snap-through instabilities? In order to answer these questions, theoretical models of a unit
cell with both elastic constitutive model and viscoelastic constitutive model were developed
to help to study the buckling mechanics of architected materials with snap-through instabil-
itie. Based on the understandings of the mechanics of the unit cell, the snapping response of
architected materials made of these unit cells with snap-through instabilities was further in-
vestigated. The controlling parameters that can be utilized to tune the mechanical response
of these architected materials were identied and analyzed. The results from analytical
model were validated by FEA simulations and experiments.
This dissertation is organized as the following:
13
Chapter II describes the theoretical model of architected materials with snap-through
instabilities for both elastic material case and thermoviscoelastic material case.
Chapter III discusses the design and mechanics of elastic architected materials with a
deterministic snapping sequence. In this section, some variations in the geometric parameters
of unit cells are utilized to tune the snapping sequence of architeced materials with snap-
through instabilities.
Chapter IV presents viscoelastic multistable architected materials with temperature-
dependent snapping sequence. In this section, a novel concept of mutimaterial viscoelastic
architected materials is proposed. The snapping sequence of this mutimaterial architected
materials is tuned by temperature.
Chapter V analyzes time-dependent snapping of thermoviscoelastic architected materials
with snap-through instabilities. The conditions for observing pseudo-bistable behavior within
a single layer of pseudo-bistable unit cells with viscoelastic material is studied.




Mechanics of unit cells with
snap-through instabilities
2.1 Introduction
The specic kind of architected materials that were investigated in this thesis is shown in
Fig. 2.1a. The architected material is made up of multiple unit cells (that are similar to
the building block in the works of Restrepo et al.1 and Correa et al.3). The geometrical
parameters of each unit cell are shown in Fig. 2.1b. The unit cell consists of thick horizontal
and vertical elements and a thin curved part. Due to the presence of an unstable regime
of negative stiness (as discussed in Section 1.2.2 of Chapter 1), this kind of architected
material exhibits snap-through instabilities once the applied force reaches a critical value
under force control condition. Similarly to previous studies4,1, these architected materials
are called one-dimensional (1D) architected materials because the loading is intended to be




FIG. 2.1. Schematic of 1D architected material. a. An example of a 1D architected material
with 3 rows, each with 3 unit cells. b. Geometrical parameters of a single unit cell. c.
Simplied clamped-clamped beam model of the unit cell (a transverse force, f , is applied at
the midpoint of the beam).
In order to have a better understanding of the nonlinear mechanics of this kind of archi-
tected materials, a rigorous theoretical model of the unit cell was rst developed. The rst
developed model is based on a elastic constitutive model; while this model ignores the vis-
coelasticity of 3D printed materials, it gives considerable insight into the mechanics of these
architected materials. With the understanding of analytical model with elastic material, a
more complex theoretical model for the unit cell with thermoviscoelastic material was then
developed. In this chapter, these theoretical models of the unit cells are presented for both
an elastic and thermoviscoelastic constitutive models.
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The analytical model of the unit cell is established based on the model of Qiu et al.69,
developed for a single initially curved beam. The curved part of the unit cell is modeled as
an initially curved clamped-clamped Euler-Bernoulli beam, while other parts of the unit cell
are assumed to be rigid (Fig. 2.1c). A transverse force, f , is applied at the midpoint of the















where w is the lateral deection of the beam, w0(x) is the initial shape of the beam , E is the
Young's modulus, I is the area moment of inertia of the beam, p is the compressive force, l
is the beam span (Fig. 2.1b) and δ is the Dirac delta function.





where A is the cross-section area of the beam, ∆s is the change in the beam length and s0
is the initial beam length. The following approximations, valid for dw
dx






















Due to the presence of the compression force, the governing equation in Eq. 2.1 is a
nonlinear dierential equation.
2.2.1.2 Initial shape of the curved part in the unit cells
While the model of Qiu et al.69 did not consider the presence of imperfection and assumed
that the initial shape of the curved beam only consists of the rst buckling mode, higher
mode imperfections (which could be caused by imperfections in the 3D printing process)
were considered in this thesis.





where h is the initial apex height of the beam andW1(x) = 1−cos(2πx/l) is the rst buckling
mode of a clamped-clamped Euler-Bernoulli beam.




W1(x) + δW (x) (2.5)
where δW (x) is the mode shape imperfection, which is prescribed to be given by




where W3(x) = 1− cos(4πx/l) is the third buckling mode of a clamped-clamped beam and
a3 is the mode imperfection size. The case of a model without imperfection corresponds to
a3 = 0, such that the model with mode imperfection is a generalization of the model without
imperfection.
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2.2.1.3 Solving the governing equation
The lateral deection of the beam at the beam midpoint, d, is given by,
d = w0(l/2)− w(l/2) (2.7)
Since d corresponds to the change in the height of the unit cell when the transverse load
is applied, we will refer to d as the deformation of the unit cell. The deection of beam is






where the expression of Wi(x) is given in69 as:
Wi(x) = 1− cos(Ni xl )
Ni = (i+ 1)π
 i = 1, 3, 5, . . .









Ni = 2.86π, 4.92π, . . .
 i = 2, 4, 6, . . .
and system of nonlinear equations for the modal amplitudes, Ai, can be obtained by a
variational method. The variation of the total potential energy ∂π is given by,
∂π = ∂Ub + ∂Uc − ∂Uf (2.9)
where ∂Ub, ∂Uc and ∂Uf are the variations in the bending strain energy, compression strain





















































Using Eqs. 2.2, 2.7, 2.8, and 2.11, the normalized deformation, d, and the normalized
compression force, p, can be expressed as a function of the normalized modal amplitudes,
Bi:







































































































∂Bi = 0 for i = 5, 9, 13, ...
(2.15)
For the theoretical model of the initially curved beam, the second mode is constrained,
i.e. only symmetric solutions were considered (because it is observed that the deformation
mode of the unit cell is almost symmetric in FEA simulations), such that B2 = 0 .
Model with a third mode imperfection
With a 3rd mode imperfection (a3 ̸= 0), there is only one form of solutions. The normalized



















, i = 5, 9, 13, . . .
Bi = 0, for other i values
(2.16)























3 − p)N23 (p−N21 )2
16(p−N23 )2
(2.18)
In order to obtain the normalized force vs normalized deformation curve, a vector is
rst formed for the normalized compression force, p. Eq. 2.17 is solved for each entry of
this vector. If the discriminant of Eq. 2.17, ∆, is negative, it means that the value of the
normalized compression force is impossible. If ∆ is positive, then two roots are obtained for
the normalized force, f . For each of these roots, the mode coecients Bi can be obtained
from Eq. 2.16 and the normalized deformation can be derived from Eq. 2.12. Thus, the
value of normalized force can be plotted as a function of the normalized deformation for each
root. Connecting the points obtained for each entry of the vector for p that corresponds to
∆ > 0, a curve f vs d is obtained for each of the two families of roots; these two curves
converge to the point that corresponds to ∆ = 0. A single normalized force vs normalized
deformation curve is obtained by connecting the two curves.
Model without imperfections
If there is no 3rd mode imperfection (a3 = 0), then the solutions are comprised of two forms
of solutions.
• Solution 1: if p < N23 , a solution of the same form as the case a3 ̸= 0 is obtained. The
equations obtained in the general case can be applied by setting a3 = 0.
• Solution 2: If p = N23 , then another form of solution is obtained. In that case, the
value of B3 cannot be found directly using Eq. 2.15 while the values of all other Bi
are the same as in the case a3 ̸= 0. Using Eq. 2.12 and the equation p = N23 , a linear
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In the model without imperfections, the normalized force vs normalized deformation
curve is obtained by connecting the two forms of solutions, as described in69. After solving
these equations, the relationships between force and deformation, strain energy and force
can be derived.
2.2.2 Validation of the theoretical model of elastic unit cell
The theoretical model was validated using the nonlinear nite element analysis (FEA) in
ABAQUS/Standard using the Static/General nonlinear procedure97. The FEAmodel is built
with 4-node bilinear quadri-lateral plane-stress element with reduced integration (CPS4R in
Abaqus) and an elastic, isotropic constitutive model. The model is simulated using dis-
placement control, such that the vertical (y) displacement on the top edge of the unit cell is
prescribed. The other boundary conditions are the following: the bottom edge of the unit
cell is xed and the top edge of the unit cell has a xed x−direction displacement (as shown
in Fig. 2.2).
FIG. 2.2. Schematic of the unit cell model. The bottom edge is xed, and the x direction
displacement of the top edge is also xed. The displacement u is applied on the top edge in
y direction.
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For a single unit cell without higher mode imperfections, the results are shown in Fig.
2.3. For a single unit cell with higher mode imperfections, the results are shown in Fig. 2.4.
Results show that there is excellent agreement between the theoretical model and the FEA
simulation, both in the case a3 = 0 (no mode imperfection) and in the case a3 ̸= 0 (with
modal imperfection). It can be seen in the normalized force vs. normalized deformation
curve that there is one critical point whose normalized force value is f̄cr (we will call it the
critical force), from which point the beam begins to exhibit a negative stiness. In a force
control simulation, this point would correspond to the point at which the unit cell would
snap through. In the normalized strain energy vs. normalized deformation curve, there is a
global minimum (point I in Fig. 2.3b and 2.4b) when d̄ = 0, and a local minimum (point
III in Fig. 2.3b and 2.4b) when d̄ ≈ 2. These are the two stable equilibrium positions that
correspond to points I and III in Fig. 2.3a and 2.4a. Moreover, there is one local maximum
(point II in Fig. 2.3b and 2.4b) in the strain energy vs. deformation curve, which is an
unstable equilibrium position corresponding to point II in Fig. 2.3a and 2.4a.
With higher mode imperfections, the normalized force vs deformation curve is much
smoother, which is demonstrated from the comparison between Fig. 2.3a and 2.4a. More-
over, the normalized critical force and strain energy decrease for the unit cell with mode




















FIG. 2.3. Results of single unit cell w/o third mode imperfection (a3 = 0). a. Comparison
of normalized force vs. normalized deformation curves between theory and nite element
model. b. Comparisons of normalized strain vs. normalized deformation curves between
theory and nite element model. The geometrical parameters have the following values:




















FIG. 2.4. Results of single unit cell w/ third mode imperfection (a3 = 0.1). a. Comparison
of normalized force vs. normalized deformation curves between theory and nite element
model. b. Comparisons of normalized strain vs. normalized deformation curves between
theory and nite element model. The geometrical parameters have the following values:
l/h = 30, h/t = 10, w = 15t, H = 1.5t, and T = 30t.
2.2.3 Analysis of the mechanics of elastic unit cell
2.2.3.1 Unit cells without mode shape imperfection
After being validated by FEA simulations, the theoretical model can be employed to study
the mechanics of a single unit cell made of an elastic material. Interestingly, the theoretical
model shows that the normalized force and bistability of single unit cell only depend on one
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non-dimensional parameter, Q = h/t69. From Fig. 2.5A, the unit cell is bistable with higher
Q value (for example Q = 4); while it becomes monostable when Q is small (for example
Q = 1 or Q = 2). For unit cells that have negative stiness, we can examine the normalized
critical force values. The relationship between normalized critical force f̄cr and Q is shown
in Fig. 2.5C. The result shows that the critical force increases initially when Q becomes
bigger then converges to a maximum constant value (f̄cr,max ≈ 740).
In order to analyze the eects of geometric design on the stiness, the non-normalized
force vs deformation curves are plotted in Fig. 2.5B. While the non-dimensional force only
depends on Q, the non-normalized force is mainly inuenced by two non-dimensional pa-
rameters, Q = h/t and P = L/t (where L = l/2). As demonstrated in Fig. 2.5B, the value
of Q primarily determines whether the unit is monostable or bistable, while the value of
P inuences the stiness of the unit cell. For example, the unit cell is bistable for Q = 3
and P = 13.65 since there are two points of zero force and positive slope in the force vs.
deection curve; when Q is reduced to 2.8, the unit cell is monostable since the force is
always ̸= 0 except for the initial undeformed conguration; for Q = 3 and P = 15.17, the
unit cell is bistable but its stiness in the stable deformed conguration is lower than the
stiness of unit cell with Q = 3 and P = 13.65.
More generally, the critical forces of the unit cells with dierent geometric designs were
analyzed using the theoretical model. If the Young's modulus E, beam span l, and the beam
depth b are assumed to be the same for all unit cells, then the critical force fcr only relies
on the initial height h and thickness t of the curved part (fcr = fcr(h, t)). The critical force
contour can be obtained as the Fig. 2.5D. From this critical force contour plot, we could
easily compare the relationship of the critical forces for unit cells with dierent geometric
designs. For unit cells with constant h, the critical force increases when the thickness t
increases. Moreover, the critical force is more sensitive to the value of thickness t for unit
cells with smaller h. Similarly, for unit cells with constant t, the critical force increases when
the value of h increases. This critical force map gives the guide for us to compare the values
26


























































FIG. 2.5. Eects of geometric design on the mechanics of a unit cell with elastic material (all
unit cells without 3rd mode imperfection). A. Normalized force vs. normalized deformation
curves with dierent Q (the vertical arrows correspond to the critical displacement d̄cr,
and the horizontal arrows correspond to the critical force f̄cr). B. Force Vs. normalized
deformation curves with dierent P and Q. C. Normalized critical force vs. Q curve. D.
Contour plot of critical force with dierent geometric designs h and t. The geometrical
parameters have the following values: w = 5.8t, H = 6t, and T = 11.6t (for gure B,
t = 0.25mm).
2.2.3.2 Unit cells with mode shape imperfection
The theoretical model can also be utilized to analyze the nonlinear mechanics of unit cells
with dierent mode shape imperfections. The inuence of a 3rd mode imperfection on the
normalized force vs deformation curve is shown in Fig. 2.6A. The results show that the
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unit cell that is bistable when a3 = 0 can become monostable as the imperfection size a3
is increased. For example, the unit cells with a3 = 0 and a3 = 0.1 are bistable, while the
unit cell with a3 = 0.25 becomes monostable. Furthermore, the critical force of the unit cell
decreases when the imperfection size a3 increases (Fig. 2.6B).
A. B.



























FIG. 2.6. Inuence of the 3rd mode shape imperfection on the mechanics of a unit cell with
elastic material. A. Normalized force vs. normalized deformation curves with dierent a3.
B. Normalized critical force vs. a3 curve. The geometrical parameters have the following
values: t = 0.25mm, Q = 5, H = 6t, P = 20, and T = 11.6t.
2.3 Theoretical model of unit cell with thermoviscoelas-
tic constitutive model
2.3.1 Theory
The theoretical model of single unit cell with an elastic constitutive model is useful to analyze
the nonlinear mechanics of architected materials with snap-through instabilities. However,
because most 3D printed architected materials are viscoelastic polymers, it is important
to study the eects of viscoelasticity on the buckling mechanics of architected materials
with snap-through instabilities. The theoretical model of most previous studies about the
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nonlinear mechanics of this specic architected materials with snap-through instabilities are
based on a model with elastic constitutive model. For the rst time, a theoretical model
with thermoviscoelastic constitutive model for this specic type of single unit cell with snap-
through instabilities was developed in this section.
2.3.1.1 Governing equation
Due to viscoelasticity, the relationship between stress and strain is an integral equation.
Thus, based on the governing equation for a clamped-clamped beam model with elastic con-
stitutive model described in Section 2.2.1.1, the governing equation for a clamped-clamped













= −f(t)δ(x− l/2) (2.20)
where E(T, t) is the relaxation modulus, w is the lateral deection of the beam, I is the
area moment of inertial of the beam, f is the transverse force applied at the midpoint of the
beam, p is the compression force, l is the beam span and δ is the Dirac delta function.















where A is the area of beam cross section. Due to the presence of the compression force, Eq.
2.20 is a nonlinear integro-dierential equation.
The relaxation modulus E(T, t) is time dependent and temperature dependent. For the
Prony series model98 schematized in Fig. 2.7, the relaxation modulus can be written as,





where t is the time, T is the temperature, E0 is the Young's modulus of the equilibrium
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branch, m is the number of viscoelastic branches, Ej (where j = 1, ..,m) is the Young's
modulus of the jth nonequilibrium branch, τj(T ) is the relaxation time constant of the jth
nonequilibrium branch and is temperature dependent. τj(T ) is expressed as,
τj(T ) = α(T )τ
0
i (2.23)
where α(T ) is a temperature-dependent shifting factor. Above the reference temperature,





= − C1(T − TM)
C2 + (T − TM)
(2.24)
where C1 and C2 are material constants and TM is the WLF reference temperature. The
values of the material parameters are given in Appendix A.
Equilibrium 
branch Nonequilibrium branches
FIG. 2.7. The Prony series schematic for the viscoelastic constitutive model. Ej (j =
0, 1, 2, . . . ,m) represents spring stiness, ηj (j = 1, 2, . . . ,m) represents the viscosity of the
jth branch and ηj = Ej/τj, where τj is the time constant of the jth branch.
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where w̄(x) is the initial shape of the beam.
2.3.1.2 Solving the governing equation





where An (n = 1, 2, . . . , Nm) is the mode amplitude of the nth mode shape, and Wn(x) is the
nth mode shape (same as in the case with elastic constitutive model). The initial shape of














a3 (n = 3)
h
2
an = 0 (n = 2, 4, . . . , Nm)
(2.29)
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where h is the initial apex height of the beam, a3 is the third mode imperfection size (only
the third mode imperfection was considered for the following analysis, but other higher mode
imperfections are very easy to implement in the theoretical model).
Using Galerkin method101, the above integro-dierential equation (Eq. 2.25) is trans-
formed into a set of nonlinear integral equations by multiplying Wi(x) and integrating over






























Wi(x)dx = −fi(t) for n = 1, 3, . . . , Nm
(2.30)





































= −Fn(t) for n = 1, 3, . . . , Nm
(2.31)























Note that the time constants τj vary by order of magnitude (refer to Fig. 2.8), such that
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integrating In,j(tM) and Jn,j(tM) accurately is challenging.
Branch j











FIG. 2.8. Time constants of the digital material DM9895 used in this thesis.
In order to calculate these integrals, the interval 0 ≤ t ≤ tM is discretized into time
steps of duration ∆t. An(t) and A2n(t) are approximated by piecewise linear functions. For
tk ≤ t ≤ tk+1,
















































e∆t/τj − 2 + e−∆t/τj
]












Eq. 2.38 can be implemented accurately as long as ∆t
τj
is not too small. However, if ∆t
τj
is
very small, Taylor series approximations are used,
ex ≈ 1 + x+ 1
2
x2 if x ≪ 1 (2.39)
such that, for ∆t
τj








ak,j(tM) =1 + e
tk−tM

















































• n is the mode index (n = 1, 2, . . . , Nm)
• j is the Prony branch index (j = 1, 2, . . . ,m)
• tM is the current time step
• An is the mode amplitude of mode n (n = 1, 2, . . . , Nm)
• ak,j is the integration parameters (k = 1, . . . ,M ; j = 1, 2, . . . ,m) (depending on the
value of τj relative to ∆T , Eq. 2.38 or 2.40 is used to evaluate ak,j)







The deformation of the beam is calculated by,




There are Nm − 1 equations of the type Eq. 2.41 (because the second mode is assumed
to be constrained) and 1 equation of type Eq. 2.43. There are Nm unknowns at each time
step tM : A1(tM), A3(tM), . . . , ANm(tM) and f(tM). The system of equations was solved
numerically at each time step using the fsolve function in MATLAB. After solving these
equations, the relationship between force and deformation can be derived.
The procedure of solving the governing equation for theoretical model with viscoelastic
constitutive model is summarized as the following owchart (Fig. 2.9).
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Governing equation Eq. 2.25
(Nonlinear integro-differential equation)
System of nonlinear integral 
equations Eq. 2.31
Galerkin method and mode superposition









FIG. 2.9. Flowchart of solving the governing equation for theoretical model with viscoelastic
constitutive model.
2.3.2 Validation of the theoretical model of viscoelastic unit cell
The theoretical model for a unit cell with viscoelastic constitutive model was validated
using nonlinear nite element analysis in ABAQUS/Standard using the quasi-static analysis
General: Visco nonlinear procedure97. Considering eciency, the FEA model was built as
a half beam model (shown in Fig. 2.10) with 2-node Euler-Bernoulli beam element in a plane
with cubic integration (B23 in Abaqus) and a viscoelastic, isotropic constitutive model. A
temperature eld was dened for the whole FEA model. The model was simulated using
displacement control, such that the vertical (y) displacement on the top right node of the
beam was prescribed. The other boundary conditions are the following: the bottom left
node of the beam was xed and the top right node had a symmetric boundary condition,
i.e., it had a xed x-direction displacement and z-direction rotation.
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FIG. 2.10. Schematic of FEA model for single unit cell with viscoelastic constitutive model.










It was found that in order to obtain converged results, the computational time was much
lower for the theoretical model compared to FEA; however, the computational eciency was
not rigorously analyzed (for example, the number of mode shapes and nite elements needed
to obtain a certain error tolerance was not evaluated). The value of the time step, ∆t,
required to achieve converged results was determined at each temperature. One convergence
study result is shown in Fig. 2.11 (at room temperature T = 20oC, with loading strain rate





where, f̄(1) is the normalized force at normalized deformation d̄ = 1, f̄ref (1) is the reference
converged normalized force at normalized deformation d̄ = 1. For this example, the time
step ∆t for theoretical model to obtain the converged result is 1e− 6s.
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Normalized deformation

























FIG. 2.11. Convergence study for single beam model with viscoelastic material (the im-
perfection size a3 = 0, ϵ̇ is the loading strain rate). The geometrical parameters have the
following values: l/h = 50, h/t = 10.
The curves of normalized force vs. normalized deformation for a single unit cell with
viscoelastic constitutive model are shown in Fig. 2.13 at constant temperature for dierent
strain rates. Note that there is excellent agreement between results of theoretical model and
FEA simulations with dierent strain rates at the reference temperature (TM = −3oC). For
results at room temperature (T = 20oC), slight dierences are observed between results of
theoretical model and FEA simulations. As shown in the following gure (Fig. 2.16), this
discrepancy is not due to an inaccuracy of the theoretical model; slight mode imperfections
are introduced in FEA models due to the presence of discrete elements. These discrete
elements cause the FEA model not to be perfectly accurate at high temperature. This is
validated from the results in Fig. 2.12. When the number of elements in the FEA model
increases, the result from FEA tends to get closer to the result from theoretical model. A
rigorous convergence study would be needed to determine whether the FEA model converge
to the theoretical model.
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Normalized deformation

























FIG. 2.12. Inuence of the number of elements in FEA model of a unit cell with viscoelastic
constitutive model at room temperature (T = 20oC). The geometrical parameters have the
following values: l/h = 50, h/t = 10.
Fig. 2.13 demonstrates that the stiness of unit cell with viscoelastic material decreases
when the loading strain rate decreases; moreover, the critical force also decreases for smaller
strain rate. With higher strain rate (for example, ϵ̇ = 1000s−1), the mechanical response of
this unit cell with viscoelastic material at reference temperature is similar to the force vs
displacement curve of unit cell with elastic material, which corresponds to the theory that
the polymer behaves almost elastically at high strain rate.
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FIG. 2.13. Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitutive model
using dierent loading strain rates (the imperfection size a3 = 0). A. The temperature is
reference temperature T = −3oC. B. The temperature is room temperature T = 20oC. Solid
lines are results from theoretical models, dashed lines are results from FEA simulations. The
geometrical parameters have the following values: l/h = 50, h/t = 10.
The normalized force vs. normalized deformation for a single unit cell with viscoelastic
constitutive model are shown in Fig. 2.14 at dierent temperatures for a constant strain
rate. The results demonstrate that the stiness of unit cell with viscoelastic material de-







































































FIG. 2.14. Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitutive model at
dierent temperatures (the imperfection size a3 = 0). A. T = 0oC. B. T = 30oC. C.
T = 50oC. The loading strain rate is constant (ϵ̇ = 1000s−1). Solid lines are results
from theoretical models, dashed lines are results from FEA simulations. The geometrical
parameters have the following values: l/h = 50, h/t = 10.
Again, note that there is excellent agreement between theoretical model and FEA simula-
tions at lower temperatures (for example, T = 0oC). Some dierences are observed between
results obtained from theoretical model and FEA simulations at higher temperatures (for
example, T = 50oC). These dierences are related to the dierences in the mode shapes
between theoretical model and FEA models. The mode amplitudes for FEA simulations are
obtained using Eq. 6.4 of Appendix B.
When the beam model is discretized into beam elements in FEA model, it is very likely
some higher mode imperfections would be introduced; however, there are no mode imperfec-
tions in the theoretical model for perfect beam model. This dierence rendered the variation
between the mode amplitudes obtained from theoretical model and FEA simulations (shown
in Fig. 2.15A). For the rst three symmetric modes, the results show that the dierences of
the mode amplitudes become larger at the middle regime of the simulation time. However,
if a slight mode imperfection is introduced for both theoretical model and FEA model, the







































































FIG. 2.15. Comparison of mode amplitudes (the rst three symmetric modes) obtained
from theory and nite element model for a unit cell with viscoelastic constitutive model at
T = 50oC. A. No mode imperfection. B. The imperfection size a3 = 0.01. The loading strain
rate is constant (ϵ̇ = 1000s−1), solid lines are results from theoretical models, dashed lines
are results from FEA simulations. The geometrical parameters have the following values:
l/h = 50, h/t = 10.
The above explanation was validated by results from models with higher mode imperfec-
tions. Fig. 2.16 demonstrates that when the introduced imperfection becomes bigger, the
dierence between the results from the theoretical model and FEA simulation gets smaller
and smaller. When the mode imperfection size a3 ≥ 0.001, the normalized force vs normal-
ized deformation curves match almost exactly.
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FIG. 2.16. Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitutive model
with dierent imperfection sizes. The loading strain rate is constant (ϵ̇ = 1000s−1), the
temperature is T = 50oC. Solid lines are results from theoretical model, dashed lines are
results from FEA simulations. The geometrical parameters have the following values: l/h =
50, h/t = 10.
When higher mode imperfections are introduced, Fig. 2.17 gives the normalized force vs.
normalized deformation curves with constant strain rate at dierent temperatures. Com-
pared with the results of perfect unit cells, there is excellent agreement for unit cells with
higher mode imperfections between results of theoretical model and FEA simulations, even
at higher temperatures (50oC). Moreover, with higher mode imperfections, the FEA sim-
ulations are found to converge much faster. For example, previous for perfect model with
T = 20oC, the time step ∆t should be as small as 1e − 8s; however, with 1% higher mode




































































FIG. 2.17. Comparison of normalized force vs. normalized deformation curves between
theory and nite element model for single unit cell with viscoelastic constitutive model at
dierent temperature (the imperfection size a3 = 0.01). A. T = 20oC. B. T = 50oC. The
loading strain rate is constant (ϵ̇ = 1000s−1). Solid lines are results from theoretical model,
dashed lines are results from FEA simulation. The geometrical parameters have the following
values: l/h = 50, h/t = 10.
2.3.3 Analysis of the mechanics of viscoelastic unit cell
After being validated by FEA simulations, the theoretical model can be employed to study
the mechanics of the single unit cell with viscoelastic material. Unlike the case of the elastic
model, the critical force fcr of single unit cell is not only related to geometric design, but
also related to temperature and loading strain rate.
2.3.3.1 Unit cells without mode shape imperfection
For perfect unit cells without mode shape imperfection, utilizing the theoretical model, the
critical force vs. temperature with dierent loading strain rates was plotted in Fig. 2.18.
From the results, it demonstrates that the critical force becomes smaller with higher tem-
perature or lower loading strain rate. Besides of geometric design parameters, temperature
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FIG. 2.18. Normalized critical force vs. temperature curves for single unit cell with vis-
coelastic constitutive model for dierent strain rates (the imperfection size a3 = 0). The
geometrical parameters have the following values: l/h = 50, h/t = 10.
2.3.3.2 Unit cells with mode shape imperfection
With higher mode imperfection, the critical force vs. temperature was plotted in Fig. 2.19.
As observed in the case of the elastic model, the critical force decreases as mode imperfection























FIG. 2.19. Normalized critical force vs. temperature curves for single unit cell with viscoelas-
tic constitutive model with dierent imperfection sizes. The loading strain rate is constant
(ϵ̇ = 1000s−1), the geometrical parameters have the following values: l/h = 50, h/t = 10.
2.4 Summary
In this chapter, theoretical models of a unit cell with snap-through instabilities were devel-
oped for both the cases of an elastic constitutive model and thermoviscoelastic constitutive
model. These theoretical models were validated using FEA simulations. Excellent agreement
was observed between results of theoretical models and FEA simulations (mode imperfec-
tions need to be introduced for the viscoelastic case). Compared with the theoretical model
with thermoviscoelastic constitutive model, the theoretical model with elastic constitutive
model is simpler. Despite its relative simplicity, it is useful to analyze the nonlinear me-
chanics of single unit cell with snap-through instabilities. For example, this model is useful
to understand the inuence of geometric parameters on the mechanics of the unit cell. The
results showed that two important geometric non-dimensional parameters (P and Q) deter-
mine the stiness and bistability of the unit cell. By modifying the geometric parameters
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and mode imperfection size, the critical force of the unit cell can be tuned. For the specic
type of unit cell studied in this thesis, a theoretical model with thermovisoelastic consti-
tutive model was developed for the rst time. The theoretical model made it possible to
study the eects of strain rate and temperature on the mechanical response of single unit
cell with snap-through instabilities. The theoretical model with thermoviscoelastic consti-
tutive model developed in this chapter is much more computationally ecient than FEA
simulations to obtain converged results. For unit cells with thermoviscoelastic material, the
results show that the critical force for single unit cell with same geometric design decreases
at higher temperature or lower strain rate due to the material's viscoelasticity eect. Thus,
temperature, strain rate, and geometric design parameters (like thickness, imperfection size,
etc) are control parameters than can be utilized to tailor the critical force for single unit
cells with thermoviscoelastic material. The theoretical models of single unit cells with snap-
through instabilities developed in this chapter are useful tools for the design and analysis of
architected materials comprised of this type of unit cells.
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Chapter 3
Elastic architected materials with a
deterministic snapping sequence
3.1 Introduction
When a multi-layer architected material with snap-through instabilities is loaded, each layer
snaps sequentially. The sequence in which each layer snaps (i.e., which layer snaps 1st, 2nd,
. . . ) can be dened as the snapping sequence. Although previous papers give important
insight into the design and mechanics of these architected materials with snap-through in-
stabilities, these previous works have not investigated strategies that would make it possible
to tune their snapping sequence. The snapping sequence of architected materials with snap-
through instabilities is unpredictable if, as in most previous works, the architecture consists
of identical unit cells4,1. Imperfections in the geometry, material properties102,103,104 or in
the boundary conditions determine the deformation sequence in this case. This is validated
by the experiments as shown in Fig. 3.1. These two samples with identical unit cells were
fabricated using the same nominal design parameter values; however, they have opposite
snapping sequences when they are compressed at a constant velocity: for sample #1, the
top layer snaps rst, then the bottom layer snaps; while the snapping sequence is from
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FIG. 3.1. Snapshots of compression experiments on two fabricated samples with identical
unit cells. a. Sample #1 snapped from top to bottom. b. Sample #2 snapped from bottom
to top. (ϵ is the eective strain of the samples at dierent time step, which is dened by the
ratio of the samples' displacement and the overall height.)
Motivated by this, this chapter studied how to tune the snapping sequence of architected
materials with snap-through instability in a controllable manner105. In this chapter, the
snapping sequence of these architected materials were investigated using theoretical models,
nite element simulations and experiments. Strategies that make it possible to tune the
snapping sequence are established and analyzed.
3.2 Theoretical model for multilayer architected materi-
als with snap-through instabilities
A theoretical model for a multilayer architected material that is comprised of a series of
bistable unit cells was developed by extending the theoretical model described in Chapter
2.2 for a single unit cell. Consider the architected material with n unit cells in series shown
in Fig. 3.2a and the corresponding schematics shown in Fig. 3.2b. In the theoretical model,
the beams are connected by a rigid link. The bottom beam (beam 1) has clamped-clamped
boundary conditions; the left and right ends of the other beams (beams 2, 3, . . . , n) are only
allowed vertical (y-direction) displacement. The thicknesses of the curved part of each unit
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cell are ti. For all unit cells, the initial height of the curved parts is h. The displacements of
the midpoint of the curved part of unit cell i is ui (see Fig. 3.2b); the deformations of the
unit cells can be expressed as,
d1 = u1
di = ui − ui−1, for i = 2, . . . , n
(3.1)





The total deformation, dtot, the total strain energy, Utot, and the loading force, f , are normal-
ized with respect to the parameters of unit cell 1, i.e., the following denitions are used for












where I1 is the area moment of inertia of beam 1. When each of the unit cells is isolated,
a subscript i refers to the properties of the ith unit cell. For single unit cells, the applied
force fi, the deformation, di and the strain energy, Ui, are normalized with respect to the


















FIG. 3.2. a. Multiple unit cells in series. b. Schematics of the theoretical model with
multiple unit cells in series.
The normalized deformations of each unit cell can be expressed as a vector (d1, d2, . . . , dn).
In order to determine the values of the components in this vector when the total normalized
deformation dtot is increased, an algorithm similar to the algorithm proposed by Oh and
Kota106 and Overvelde et al.107 for multistable mechanisms can be used. This algorithm
requires calculating the total normalized strain energy of the system, U tot(d1, d2, . . . , dn),
which can be computed by,




where dn = dtot −
∑n−1
i=1 di. The normalized strain energy for each unit cell U i is determined
using the theoretical model of section 2.2.1. In this algorithm, the loading from dtot = 0
to dtot,max is discretized into small steps of amplitude δd. Assuming that at step k of this




2, . . . , d
k
n); at step k+1, the values are found
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by solving the following optimization problem,
min U tot(d1, d2, . . . , dn)
with respect to (d1, d2, . . . , dn−1)





This optimization problem is solved using a local optimization algorithm (the interior-point
algorithm using the fmincon function in MATLAB). Using a local minimization algorithm
is critical; during loading the architected material does not switch to a state that corresponds
to the global minimum but remains in the neighborhood of the current conguration.
Once the values of di are obtained at all steps for the loading (or unloading), the values
of di can be plotted as a function of dtot to analyze the sequence of deformed congurations
the architected material goes through when the loading parameter is increased. In the case
of a architected material with 2 unit cells in series, the curve of d1 as a function of dtot
completely characterizes how the material deforms during loading. This curve will be called
the deformation path of the architected material.
Besides using the above method to determine the snapping sequence of multilayer archi-
tected materials with snap-through instabilities, we can also utilize the critical force contour
plot of single unit cells (shown in Fig. 2.5D) to qualitatively gure out the snapping sequence
for a multilayer architected materials with dierent geometric designs. Because the critical
force corresponds to the start of the negative stiness region, the unit cell with the smallest
critical force value would snap earlier than unit cells with larger critical force. Based on this
assumption, the snapping sequence can be determined by nding the order of critical forces
of the unit cells in dierent layers. For example, if the critical forces of unit cells in layers i,
j, k have the following relationship, fcr,i < fcr,j < fcr,k, then layer i snaps rst, then layer j
snaps, and nally layer k snaps.
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3.3 Experimental methods and nite element model
The theoretical model was validated using experiments and nite element simulations. The
fabrication of samples, mechanical testing methods, and the nite element models are de-
scribed in this section.
3.3.1 Experimental methods
Samples were fabricated using a multimaterial 3D printer (Objet Connex 260, Stratasys,
Edina, MN, USA, shown in Fig. 3.3, located in the Laboratory for Mechanics of Soft Active
Materials and 3D printing at Georgia Tech). The printing material is DM9895, which is a
digital material derived by mixing two base materials. One of the two base materials is Tan-
goblackPlus, which is a rubbery material at room temperature; the other one is Verowhite,
which is a rigid plastic at room temperature. The in-plane dimensions of the printed samples
are about 10cm × 10cm; the out-of-plane thickness is 1cm.
FIG. 3.3. 3D printer used to print samples (Objet Connex 260)
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In order to determine the deformation sequences of printed samples, compression tests
were conducted on a universal Material Testing System (MTS, Model Insight 10, Eden
Prairie, MN, USA) in a displacement control manner with a 10kN load cell. The samples
were compressed (at room temperature) using a customized compression xture at a testing
velocity of 10mm/min until all unit cells collapse. A digital camera was used to record the
whole testing process.
3.3.2 Finite element model
The corresponding nite element model with elastic constitutive model was built using the
Static/General nonlinear procedure in Abaqus/Standard. The FEA model is built with 4-
node bilinear quadrilateral plane-stress element with reduced integration (CPS4R in Abaqus)
and an elastic, isotropic constitutive model. The boundary conditions are shown in Fig. 3.2,
i.e., the bottom edge of unit cell 1 is xed, the left and right sides of these unit cells have
a xed x-direction displacement, and the top edge of unit cell n also has a xed x-direction
displacement. The model was simulated using displacement control, such that the vertical (y)
displacement on the top edge of the model is prescribed. The deformation path and the force
vs. deformation curves predicted by a static nonlinear FEA simulation with displacement
control are used to validate the theoretical model. Moreover, considering the viscoelasticity
of the printed samples, FEA models with a viscoelastic constitutive model were also built for
comparisons with the experiments. The response to stimulation of the architected materials
at a constant strain rate was simulated using nonlinear quasi-static FEA simulations (VISCO
procedure in ABAQUS) with displacement control.
54
3.4 Results and discussion
3.4.1 Analysis of the strain energy landscape for architected mate-
rials with identical unit cells
Based on the theoretical model described in Section 3.2, the total strain energy contours of
a architected material with two identical unit cells in series can be obtained as a function of
d̄tot and d1, as shown in Fig. 3.4. The strain energy contours show that there are four local
minima, A, B, C, and D (that correspond to stable equilibria) and one local maximum of the
total strain energy (that corresponds to an unstable equilibrium). The presence of multiple
minima indicates the multistability of this architected material. The global minimum A is
the initial undeformed conguration. The local minima B and C correspond to cases when
only unit cell 2 has collapsed and only unit cell 1 has collapsed, respectively. The local
minimum D is when both unit cell 1 and unit cell 2 have collapsed. Because the two unit
cells are identical , the local minima B and C have the same strain energy value, which
means the deformation path (the curve d1(dtot)) during loading can follow the sequence
A-B-D or A-C-D. In an experiment, the presence of imperfections, for example caused by
the manufacturing process or in the experimental setup (for instance in the application of
the boundary conditions), would determine which of the deformation paths is preferred (as


































































FIG. 3.4. Contour plot of normalized total strain energy for two identical unit cells in series
as a function of the normalized deformations dtot and d1 (∗ denotes the local maximum),
the numerical values on the contour lines correspond to the values of the normalized strain
energy U tot. The red solid line corresponds to one of the possible deformation paths during
loading, the blue dashed line corresponds to the other possible path.
3.4.2 Varying the thickness to obtain a deterministic snapping se-
quence
If geometric variations are applied to the unit cells of the above bilayer architected mate-
rials, four unique local minima with dierent strain energy values can be obtained. Before
analyzing the bilayer architected materials, the nonlinear mechanics of single unit cells with
dierent thickness in curved parts were analyzed using the theoretical model described in
Section 2.2 of Chapter 2. The relationship between the thickness of the curved parts in
unit cell 1 and unit cell 2 is t2 = 1.5t1. The results for single unit cells shown in Fig. 3.5
demonstrate that the critical force of unit cell 2, fcr,2, is higher than the critical force of unit
cell 1, fcr,1, which means unit cell 2 requires a larger loading force to collapse. Moreover, the























FIG. 3.5. Results for single unit cell with dierent thickness. a. Normalized force vs.
deformation curves for single unit cells of dierent thicknesses. b. Normalized strain energy
vs. deformation curves for single unit cells of dierent thicknesses. In a and b, solid lines
correspond to the theoretical model and dashed lines to FEA simulations.
Results of single unit cells, the theoretical model described in Section 3.2 can be employed
to analyze a two-layer architected material with the above two unit cells combined in series.
The theoretical results for the total strain energy contour, deformation path and normalized
force vs. deformation curves can be determined as the red lines in Fig. 3.6a, 3.6b, and 3.6c,
respectively. As shown in the contour plot of the total strain energy for this architected
material (Fig. 3.6a), the four local minima of the strain energy are dierent, such that
a unique deformation path is obtained. In order to validate the theoretical results, the
simulation results for the corresponding FEA model are given in Fig. 3.6b-3.6c, as the
blue dashed lines. Note the excellent agreement for the deformation path between the
theoretical model and the FEA simulation (Fig. 3.6b). Both the theoretical model and
the FEA simulation show that the deformation sequence is A-C-D for loading and D-B-A
for unloading. This also agrees with the critical force relationship of this two unit cells
fcr,1 < fcr,2, i.e., bottom unit cell snaps rst, then the top unit cell snaps. As shown in
Fig. 3.6a and 3.6b, when the normalized total deformation d̄tot is about 3.4, there will be
one snap-back of unit cell 1 (i.e., the value of d1 drops instantaneously) during loading when
unit cell 2 snaps through. In the normalized force vs normalized deformation curve shown
in Fig. 3.6c, the rst peak has a smaller amplitude than the second peak due to the lower
stiness of unit cell 1; futhermore, the force goes below the horizontal axis (which means a
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FIG. 3.6. Theoretical analysis of the eect of varying the thickness from row to row on the
deformation path. a. Contours of the total strain energy of a architected material with two
unit cells with dierent thicknesses. The deformation path obtained using the theoretical
model is shown for loading (solid red line) and unloading (dashed red line). b. Comparison
between the deformation paths of the architected material obtained using the theoretical
model and FEA simulations. c. Normalized force vs. normalized total deformation (for
loading only).
3.4.3 Using mode shape imperfection to obtain a deterministic snap-
ping sequence
Besides the method of varying the thickness, the snapping sequence can also be tuned by
varying the mode shape imperfection size a3 (where the imperfection in the initial shape of
the beam, δW (x), is given by Eq. 2.6). Consider the architected material with two unit
cells in series, where unit cell 2 is perfect (a3,2 = 0) and unit cell 1 has a 10% third mode
imperfection (a3,1 = 0.1) as shown in Fig. 3.7a. The nonlinear mechanics of single unit cells
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with mode shape imperfection size a3 were analyzed using theoretical model described in
Section 2.2 of Chapter 2. The results are shown in Fig. 3.7b-c. The results of both the
theoretical model and FEA simulations show that the critical loading force and the strain




























FIG. 3.7. Inuence of mode shape imperfection on the mechanics of single unit cell. a.
Architected material with two unit cells in series: unit cell 2 has no mode shape imperfection
(a3,2 = 0), unit cell 1 has a 3rd mode shape imperfection (a3,1 = 0.1). b. and c. Comparison
curves of normalized force vs. deformation and normalized strain energy vs. deformation for
single unit cell 2 with a3 = 0 and unit cell 1 with a3 = 0.1 (solid lines are theoretical results,
dashed lines are results from FEA).
With the results of single unit cells, the theoretical model described in Section 3.2 can
be employed to analyze the architected material shown in Fig. 3.7a. In contrast to the case
of identical unit cells, the local minima of the strain energy are dierent, which makes the
deformation path unique (Fig. 3.8a). The deformation sequence is A-C-D for loading, and
D-B-A for unloading. As in the case of the architected material with two cells that have
dierent thicknesses, there will be one snap-back of the unit cell 1 during the initial snap-
through of unit cell 2 (Fig. 3.8a), when the normalized total deformation d̄tot is about 3.3.
As observed in Fig. 3.8c, the rst peak in the normalized force vs normalized deformation
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curve has a smaller amplitude due to the smaller critical force in unit cell 1 (Fig. 3.8c);
furthermore, a tensile force is observed twice during the loading. However, in contrast to the
case of the thickness variation, the rst peak has a smoother shape than the second peak
because adding an imperfection signicantly aects the shape of the normalized deection



































































FIG. 3.8. Theoretical analysis of the eect of mode shape imperfection on the deformation
path. a. Contour plot of total strain energy for the architeced material with two unit cells
(shown in Fig. 3.7a). The deformation path obtained using the theoretical model is shown
for loading (solid red line) and unloading (dashed red line). b. Comparison between the
deformation paths of the architected material (shown in a) obtained using the theoretical
model and FEA simulations. c. Normalized force vs. normalized total deformation (for
loading only).
3.4.4 Experimental validation
3.4.4.1 Qualitative validation: snapping sequence
Several multilayer architectures were fabricated using a 3D printing technique. These sam-
ples were tested using a customized compression xture to experimentally validate that the
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methods of thickness variation and mode shape imperfection can be used to tune the defor-
mation sequence.
One of the printed samples is the multistable architected material shown in Fig. 3.9a
(architected material A), which consists of 5 rows, each with 5 unit cells (in the rest of
this thesis, we will call a architected material with N rows, each with M unit cells as an
N ×M architected material). For this 5× 5 multilayer architected material, the thickness is
constant within each row, while the thickness varies from row to row (t1 < t5 < t2 < t3 < t4,
where the unit cells are ordered from bottom to top). From the critical force contour plot
shown in Fig. 3.9b, we can determin the relationship of the critical forces of dierent layers,
fcr,1 < fcr,5 < fcr,2 < fcr,3 < fcr,4. Then the snapping sequence should be, row 1 collapses
rst, then row 5, row 2, row 3, and row 4. This result is validated by experiments and
FEA simulations. Fig. 3.9c-d shows snapshots of the response of the multilayer architecture
at dierent eective strains ϵ for both experiment and nite element simulation. These
snapshots demonstrate that the deformation sequence matches what is expected from the






FIG. 3.9. Experimental validation of the method of thickness variation to obtain a determin-
istic deformation sequence (architected material A). a. 5× 5 multilayer architected material
with unit cells of thickness t varies from row to row. b. The critical force contour for single
unit cells (the cross points represents the unit cells from architected material A with corre-
sponding colors). c. and d. Snapshots of the multilayer architecture at dierent values of
the eective strain ϵ (c. Experiment, d. FEA).
Another printed sample is the 5× 5 multilayer architected material shown in Fig. 3.10a
(architected material B). The unit cells of this 5 × 5 architected material have a uniform
mode imperfection size within each row, but the imperfection size varies from row to row.
The thickness of each unit cell's curved part is 1mm. Snapshots of the response at dierent
strains ϵ for both experiment and nite element simulation (Fig. 3.10b-c) demonstrate that
the deformation sequence matches the expected sequence (i.e., row 1 collapses rst, then






FIG. 3.10. Experimental validation of the method of mode shape imperfection to obtain a
deterministic snapping sequence (architected material B). a. 5 × 5 multilayer architected
material with unit cells of mode imperfection size a3 varies from row to row. b. and c. Snap-
shots of the multilayer architecture at dierent values of the eective strain ϵ (b. Experiment,
c. FEA).
3.4.4.2 Quantitative comparisons
The experiments were also analyzed more quantitatively by plotting the value of the normal-
ized deformation of each unit cell, d̄i, as a function of the total deformation, d̄, in Fig. 3.11a
and b. The normalized deformation was computing using frames of the movies recorded using
the digital camera during the compression test. For the experiments, FEA simulations and
theoretical model, the same clear deformation sequence can be seen by inspecting the results
(i.e., row 1 collapses rst, then row 5, row 2, row 3, and row 4 in both Fig. 3.11a and b ).
While both the FEA simulations and the theoretical model are able to qualitatively capture
the deformation sequence, only the FEA simulations are able to quantitatively match the
experiments. In particular, the unit cells in the theoretical model deform earlier than in the
FEA models and experiments. Moreover, there is an instantaneous snap-back in theoretical
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model; however, a more gradual and limited snap-back is observed in the FEA model and in
experiments (for example see ϵ = 18% for d1 in Fig. 3.11a and ϵ = 15% for d1 in Fig. 3.11b).
The inaccuracies of the theoretical model are due to two sources: (1) the viscoelasticity of
the printed materials and (2) the assumption regarding the kinematics in the theoretical
model (a small rotation assumption is used and parts of the unit cell are assumed to be
rigid). The smoothing of the curves seen the experiments and FEA simulations (with a vis-
coelastic model) are primarily due to the viscoelasticity of the printed samples. Simulations
with nite element with an elastic constitutive model (not shown) do show a discontinuous
instability jump that is similar to what is seen in the theoretical model. In spite of the
quantitative dierences between theory and experiments, the theoretical model does cap-
ture the important characteristics of the deformation paths of this multistable architected
material and can be used to inform the design of architected materials with a deterministic
deformation sequence.
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FIG. 3.11. Quantitative analysis of the deformation sequence. a. Architected material A
(see Fig. 3.9a). b. Architected material B (see Fig. 3.10a). di is the normalized deformation
of row i dened as Eq. 3.4. The dashed black vertical lines are corresponding to the eective
strains of the snapshots in Fig. 3.9 and Fig. 3.10.
The eective stress vs. strain curve was also obtained during the compression test and
compared with the FEA model with viscoelastic material as shown in Fig. 3.12a and c. The
eective stress is calculated from the compression force divided by the bottom area of the
model, and the eective strain is calculated from the total deformation divided by the initial
height of the model. For both architected materials, there is good quantitative agreement
between experiments and FEA simulation results. This excellent quantitative agreement is
interesting because of the dierence in the boundary conditions applied in the FEA and in
the experiments: the top edge of the sample was prescribed to move at a constant velocity
in the FEA simulations; in the experiments, the top edge of the compression xture was
prescribed to move at a constant velocity and the top edge of the sample was not attached
to the compression xture. In the case of an elastic sample, a separation of the top edge
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of the sample from the compression xture would have been expected when one the row
of the samples snap-through. However, the presence of viscoelasticity signicantly aects
the kinetics of the snap-through process, such that the sample remains in contact with the
compression xture. The experiments and FEA simulations with a viscoelastic constitutive
model do not show that the force crosses the horizontal axis, which could be wrongly in-
terpreted as the absence of multistability. However, the multistability was experimentally
veried by letting the architected material relax to any of the expected stable congurations.
Furthermore, the rst peak has a higher amplitude than the second peak, in contrast to what
has been observed in Figs. 3.6 and 3.8.
Because of the viscoelasticity of the 3D printed sample, the theoretical model cannot be
directly compared to the experiments or the FEA simulations with a viscoelastic material;
hence, the theoretical model was compared to FEA simulations with an elastic constitu-
tive model (Fig. 3.12b and d). For both architected materials, the theoretical result has
excellent agreement with the FEA with elastic constitutive model and captures the major
characteristics of this architected material, showing its multistability (i.e., crossings of the
horizontal axis) and growing stress peaks. This implies that the absence of a tensile force
and the fact that the second stress peak has a lower amplitude than the rst peak are due to
the viscoelasticity of the 3D printed samples (note, however, that obtaining a tensile force
would also require to use an adhesive between the compression xture and the sample, as
done for example in4). Because of the assumption of small rotation, some parts being rigid
in the theoretical model, the values of the strain corresponding to maxima and minima are
somewhat shifted in the theoretical model compared to FEA with an elastic constitutive
model.
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FIG. 3.12. Stress vs. strain curves for architected material A (a and b) and for architected
material B (c and d). In a and c, experimental data is compared to FEA with a viscoelastic
constitutive model. In b and d, the theoretical model is compared to FEA simulations using
an elastic constitutive model.
3.5 Summary
In this chapter, small geometric variations were utilized to tune the deformation sequence
of one kind of architected material with snap-through instabilities that consists of a quasi-
periodic microarchitecture. This work overcomes the limit shown in previous studies that
when the unit cells used in a multistable architected material are identical, the stable con-
guration that the architected material switches to is unpredictable due to the eects of
imperfections in the manufacturing process and in the boundary conditions. Two dier-
ent methods were analyzed and used to obtain a deterministic snapping sequence: (1) the
thickness t of each layer was varied; (2) higher mode shape imperfections were introduced
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into the initial shape of the curved part of the unit cells. In order to obtain a deterministic
snapping sequence, a rigorous theoretical model was developed to analyze the mechanics
of multistable architected materail and help to design this architected material. The novel
theoretical model was validated by comparison to nite element simulations of a model that
consists of multiple bistable unit cells in series. Both the loading and unloading response of
the theoretical model are in excellent agreement with nite element simulations.
The results of nite element simulations and experiments on 3D printed samples con-
rm that the snapping sequence of multiple unit cells can be tuned either by varying the
thickness or by introducing higher mode shape imperfections to the unit cell curved parts.
Despite viscoelasticity, which is not taken into account in the theoretical model, the theory
does predict the experimentally observed snapping sequence. Excellent quantitative match
between experiments and FEA simulations is observed when viscoelasticity is taken into
account. Despite the presence of manufacturing imperfections, a deterministic deformation
sequence is obtained for thickness variations or mode shape imperfections of moderate sizes.
The validity of the proposed model was demonstrated for systems with a small number of
unit cells and with simple variations in the model parameters. However, the proposed model
is general and could be applied to more complex architected materials with a large number
of unit cells with spatial variations in multiple geometrical and material parameters and
might be particularly useful for the analysis of multistable materials of larger sizes, which








Chapter 3 demonstrated that a deterministic snapping sequences for architected materials
with snap-through instabilities can be obtained by employing geometric variations in the
unit cells. However, the snapping sequence is predened and cannot change after the fabri-
cation of the architected materials. In order to overcome this limitation and to improve the
architected material's tunability, multimaterial viscoelastic architected materials were de-
veloped; these architected materials have a snapping sequence that can be reversibly tuned
using temperature as a control parameter.
The novel idea of this chapter is based on the fact that dierent polymers have dierent
time dependent and temperature dependent responses. Thus it is possible that one polymer
is stier at low temperature (or high strain rate) but becomes softer than the other polymer
when the temperature decreases (or strain rate decreases). By properly integrating these
69
polymers into a periodic structure, the crossover of the relative stiness could give dramatic
dierent responses of architected materials to compressive loading at dierent temperature
or dierent strain rate, which also makes it possible to obtain recongurable arhitected
materials with controllable snapping sequences108.
In this chapter, the design and fabrication of multimaterial architected materials are
rst presented. Then how temperature utilized to obtain controllable snapping sequence is
investigated and discussed using FEA simulation and experiments. Moreover, one potential
application of these architected materials as soft recongurable architected materials with
tunable stiness is demonstrated.
4.2 Design and fabrication of multimaterial architected
materials with snap-through instabilities
In this chapter, the studied architected materials also consist of N layers (in series) of unit
cells with snap-through instabilities. In contrast to the architected materials in Chapter
3 made up of only one material, the dierent layers of the architected material are made
of dierent materials. For example, for the architected materials shown in Figs. 4.1A, the
top layer(s) is (are) made of PEGDA while the other layer(s) is (are) made of a 3D printed
polymer, DM8995 (a digital material made of the mixture of two base materials; we will









FIG. 4.1. Bi-material architected materials with snap-through instabilities. A. Example of 4-
layer architected material (N = 4). B.Values of unit cell's geometric parameters. Fabricated
samples use t0 = 0.25mm and an out-of-plane thickness of 6mm.
3D printing is commonly utilized to create structures with complicated geometries. How-
ever, a very limited number of materials can be 3D printed, which limits the applications of
3D printing to multimaterial recongurable architected materials. While the polyjet based
method allows three or more materials to be printed simultaneously, the number of avail-
able materials in the polyjet based method is extremely limited (for example less than 10
polymers for the newest 3D printer models of the Stratasys Objet Connex series polyjet 3D
printers).
To have more freedom in the material choice, a facile 3D printing inverse molding process
(Fig. 4.2A) was implemented. A periodic structure was rst printed by the same 3D printer
used in Chapter 3. The material used is the same 3D printed material (DM) as in Chapter
3. The printed periodic structure was used as a positive mold to make a PDMS mold (end
of Step 1). The PDMS mold was then used to replicate the periodic structure, but with
dierent materials. In the example shown in Fig. 4.2, half of the mold was rst lled
with a 3D printed half structure made of DM; the rest of the space was then lled by a
photocurable Poly(ethylene glycol) diacrylate (PEGDA) resin. After curing, a bi-material
architected material (Fig. 4.2B) was obtained. The advantage of this approach is that it
removes the material choice constraints imposed by 3D printing. For example, one is able to
select PEGDA, whose dependence of storage modulus on the temperature crosses that of 3D
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printed materials (see Fig. 4.3A); such a crossover renders very exciting behaviors, which






FIG. 4.2. A. Fabrication process for multimaterial architected materials. B. Example of
bi-material fabricated sample.
4.3 Mechanical testing and nite element models
The sample were compressed at a constant velocity v = 10mm/min using the same uni-
versal Material Testing System as used in Chapter 3. The experiments were conducted in
a temperature controlled box. For experiments that were conducted at temperature above
room temperature, the temperature was rst increased, then held for 10 min (such that the
temperature of the sample reaches its steady-state value) before doing the compression test.
Besides compression experiments, the mechanics of these multistable architected materi-
als were analyzed using two-dimensional nite element models. 4-node bilinear quadrilateral
plane-stress elements with reduced integration (CPS4R in Abaqus) were used. Self-contact
normal interactions were dened for the whole model. Because the modulus of PEDGA
is almost temperature-independent in the temperature range that was considered (see Fig.
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4.3A), PEDGA was modeled as an isotropic, elastic constitutive material. An isotropic,
thermo-viscoelastic constitutive model was used for DM since its modulus is temperature-
dependent (see Fig. 4.3A). For this thermo-viscoelastic model, the temperature-dependent
relaxation modulus, E(t, T ), is expressed as a Prony series of the form:









4.4 Results and discussion
4.4.1 The snapping sequence can be tuned using temperature
Bilayer samples (Fig. 4.3B) made of PEDGA and DM were fabricated using the inverse
molding process described in Section 4.2. The two materials, PEDGA and DM, were chosen
because their storage moduli cross over at a temperature near room temperature, at about
32oC (Fig. 4.3A). This cross-over in the stiness of the two layers is the physical basis for the
temperature-dependent switch in the snapping sequence. The critical force of the DM layer
decreases as the temperature T is increased according to the theoretical results of Chapter 2.
The bilayer samples were compressed by moving a loading cell at a constant velocity. When
a bilayer sample is compressed, the layer with the lower stiness snaps before the other layer
snaps. Hence, due to the temperature-dependent modulus of DM, the snapping sequence
(which layer snaps rst and second) can be tuned by temperature: at room temperature
(T=20oC), DM is much stier than PEDGA (Fig. 4.3A), therefore, the top layer (L2) snaps
rst (as seen in Fig. 4.3c); however, the snapping sequence changes when the compression
test is conducted at 50oC, where DM is softer than PEGDA (Fig. 4.3A) and the bottom
layer (L1) snaps rst (as seen in Fig. 4.3E). To more quantitatively evaluate the snapping
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sequence, the deformation of bottom layer, d1(ε), and top layer, d2(ε), were calculated using:
d1(ε) = u1(ε)
d2(ϵ) = u2(ε)− u1(ε)
(4.2)
where u1(ε) and u2(ε) are the displacements of bottom layer and top layer, respectively
(shown in Fig. 4.3B) and ε is the eective strain (computed using ε = u2/htot where htot
is the total height of the sample). At low temperature, it is observed that the value of d2
rises before the value of d1, while the opposite trend is observed at high temperature. While
the snapping of each layer would be instantaneous if elastic materials would be used, the
snapping of each layer is more gradual here due to the presence of viscoelasticity. Comparison
of the experimental results to nite element simulations demonstrates that nite element
simulations agree very well with the experiments both at the low (Fig. 4.3D) and high (Fig.
4.3F) temperatures.
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C. Compression at 20℃, top layer snaps first (Sequence L2-L1)
















FIG. 4.3. Tuning the snapping sequence using temperature. A. Storage modulus vs tem-
perature for PEDGA and DM at 1Hz. B. Schematics of bilayer sample. u1 and u2 are the
displacements of the bottom and top layers, respectively. C. and E. Snapshots of the com-
pression tests at 20oC and 50oC. D. and F. Comparison of the normalized deformation for
the bottom layer, d1/h1, and top layer, d2/h2, at 20oC and 50oC. The vertical dashed lines
corresponds to the eective strain value in the snapshots of panels C and E.
4.4.2 Inuence of the geometrical parameters on the critical tem-
perature
Because of the high delity of the nite element simulations, the inuence of the geometrical
parameters on the snapping sequence was systematically studied using nite element simula-
tions. The temperature at which the snapping sequence switches from the sequence observed
at room temperature (i.e., the PEDGA layer snaps rst) to the sequence observed at high
temperature (i.e., the DM layer snaps rst) was dened to be the critical temperature, Tcr.
The value of the curved part of the unit cell, t (see Fig. 4.1b), signicantly inuences the
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stiness of the unit cell. Hence, we analyzed the inuence on Tcr of the ratio of the t value
for the DM layer, t1, to the t value for the PEDGA layer, t2. For these simulations, t2 was
kept constant while t1 was varied between t2 and 1.65 ×t2.
The numerical results shown in Fig. 4.4 demonstrate that the critical temperature in-
creases when t1/t2 increases. This is due to the increase in the stiness of the DM layer
relative to the stiness of the PEDGA layer. When the thickness ratio is high enough
(t1/t2 ≥ 1.65), no switching of the snapping sequence is observed: at all temperatures,
the top layer (PEDGA) snaps rst. This can explained by the fact that the modulus of DM
saturates to a constant value at high temperature (Fig. 4.3A). For validation of these numer-
ical results, the transition temperature was also determined experimentally for 22 dierent
samples fabricated using the inverse mold fabrication method. For each sample, tests were
repeated at multiple temperatures in order to determine with a 1 degree accuracy the value
of the critical temperature. The critical temperature obtained experimentally follow closely
the trend observed in the nite element simulations; furthermore, as in the simulations, no











































FIG. 4.4. Critical temperature vs thickness ratio: the area above the blue curve means the
bottom layer snaps rst (snapping sequence is L1 snaps rst, then L2 snaps), the area below
the blue curve means the top layer snaps rst (snapping sequence is L2 snaps rst, then
L1 snaps), the gray-shaded area means there is no snapping sequence switching snapping
sequence is always L2 snaps rst, then L1 snaps.
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4.4.3 Multiple snapping sequence switchings in N-layer architected
materials
The dependence of Tcr on the geometrical parameters can be exploited to considerably ex-
pand the number of stable congurations that can be obtained in response to a compressive
deformation. A multistable architected material with N layers of bistable unit cells in series
has a total of Ntot = 2N stable congurations. These stable congurations can be identied
by a combination of binary numbers i1, ..., iN , where ij (j=1,...,N) corresponds to the stable
conguration of layer j (where ij = 0 and ij = 1 correspond to the undeformed and stable
congurations, respectively). However, only a small portion of these stable congurations
can be obtained by applying a compressive deformation if thermoviscoelastic eects are not
exploited: the number of stable congurations obtained at a single temperature using a
compressive deformation is only Nsingle = N + 1. For example consider the 4-layer sample
shown in Fig. 4.5A that consists of two DM layers (layers 1 and 2) and two PEGDA layers
(layers 3 and 4). The two DM layers have dierent t values (t1 > t2) and the two PEDGA
layers have dierent t values (t3 > t4). At room temperature, only congurations 0000,
0001, 0111, 0111 and 1111 can be obtained in response to a compressive deformation (Fig.
4.5B). However, because of variations in the t values, four dierent critical temperatures
can be identied: between layers 1 and 3, between layers 1 and 4, between layers 2 and
3 and between layers 2 and 4. Hence, this makes it possible to obtain Nseq = 5 dierent
snapping sequences, depending on the temperature (Fig. 4.5B), which results in a total of
nine dierent congurations (shown in the last column of Fig. 4.5B) that can be obtained
in response to a compressive deformation.
While a higher number of stable congurations could be obtained by applying a more
complicated loading history (that includes tensile loads) or by deforming individual layers by
stimulating them directly, only congurations that are obtained in response to a compressive
load are considered here. More generally, let NDM and NPEGDA be the number of DM layers
and PEDGA layers, respectively. Consider one of the DM layers. As the temperature is
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increased, this DM layer will exhibit a snapping sequence switch with each of the PEDGA
layers, which results in NPEGDA dierent critical temperatures for this DM layer. Thus, the
total number of critical temperature is:
Ncr = NPEGDA ×NDM (4.3)
such that the number of sequences is:
Nseq = Ncr + 1 = NPEGDA ×NDM + 1 (4.4)
Since N = NPEGDA + NDM , the maximum number of snapping sequences that can be
obtained with bi-material architected materials with N layers is:
Nseq,max(N) = max
2≤NDM≤N−1






where ⌊.⌋ denotes the oor function. For the snapping sequence obtained at room tempera-
ture, N +1 dierent congurations are obtained; furthermore, for each of the Nseq − 1 other
snapping sequences, an additional stable conguration is obtained (see Fig. 5B). Hence,
the maximum number of stable congurations that can be obtained by loading a bimaterial
architected material at dierent temperatures is:





⌋+N + 1 (4.6)
As shown in Fig. 4.5C,Nbimat is signicantly larger thanNsingle for largeN values. Exploiting
thermoviscoelastic eects make it possible to considerably expand the number of stable







C. Number of layers































L4-L3-L2-L1 0000, 0001, 0011, 0111, 1111
L4-L2-L3-L1 0000, 0001, 0101, 0111, 1111
L2-L4-L3-L1 0000, 0100, 0101, 0111, 1111
L2-L4-L1-L3 0000, 0100, 0101, 1101, 1111
62 L2-L1-L4-L3 0000, 0100, 1100, 1101, 1111
FIG. 4.5. A. Example of fabricated sample with 4 layers where t2 = t3 = 1.2t4 and t1 = 1.6t4.
B. Snapping sequences and congurations at dierent temperatures. C. Number of stable
congurations obtained in response to compressive deformation as function of the number
of layers.
4.4.4 Exploiting temperature-dependent snapping sequences to ob-
tain materials with tunable stiness
The ability of these architected materials to have multiple stable congurations can be
exploited to obtain recongurable materials with tunable stiness. Because these architected
materials consist of N layers in series, they can be modeled as 1D chains of nonlinear springs.
The eective dynamic stiness of the architected material in conguration i1, ..., iN can be
estimated using the equation:




E∗j (ω, T )kj,ij
]−1
(4.7)
where kj,ij is the normalized stiness of layer j in conguration ij and E
∗
j is the dynamic
Young's modulus of the material used for layer j; and ∗ denotes a complex number. kj,ij was
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where E is the Young's modulus, F is the applied force, u is the deection of the layer and
uij is the deection of the layer in conguration ij.
The stinesses of all the stable congurations that can be obtained by exploiting ther-
moviscoelasticity in bimaterial architected materials made of 4 layers were analyzed. For
the design previously shown in Fig. 4.5A, the stiness of these nine stable congurations
do not vary much (Fig. 4.10C): for example, the dierence between the stinesses in Con-
gurations 0111 and 1111 is only 2% of the stiness in Conguration 0000. To obtain a
design with highly tunable stiness values, a wide range of values for the non-dimensional
parameters Qj = hj/tj and Pj = Lj/tj of each layer was considered, as shown in the Fig.
4.6: 2.8 ≤ Qj ≤ 5 and 0.03663 ≤ 1/Pj ≤ 0.1172, where each parameter is allowed to take
12 dierent value. The stiness values of each individual layer was rst calculated using
FEA simulations with a Static, Linear perturbation in ABAQUS. As shown in Fig. 4.7, the
boundary conditions for the bottom edge of the model are the following: for the top 3 layers,
the bottom edge has a xed vertical displacement and the bottom middle node is xed in
both directions; for the bottom layer, the bottom edge is xed (since the bottom edge of
the 4-layer model is also xed). For all simulations, a uniformed vertical displacement was
applied to the top edge of the model.
The value of the stiness of individual layers was normalized by E × b (where E is the
Young's modulus and b is the out-of-plane thickness) and plotted as function of P and Q in
Fig. 4.8. Using a total of 2× 12× 12 = 288 simulations of a single layer of unit cells, the use
of Eq. 4.7 made it possible to evaluate the eective stiness of 4-layer architected material
at room temperature of a total of 128 = 4.3× 108 designs.
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 layer, fabricated design
1
st






 layer, best design
4
th
 layer, best design
FIG. 4.6. Design space. Each red cross correspond to a value of Pj and Qj that was
considered for each layer. The parameters of the fabricated design (Fig. 5A) and of the
best design are shown with stars and circles, respectively. The squares represents parameter
combinations that correspond to a monostable design.
A. B.
FIG. 4.7. FEA model of single layer. A. Boundary conditions for the top 3 layers. B.









































FIG. 4.8. Value of the normalized stiness (k/(Eb)) in the undeformed conguration (k0 in
A and C) and deformed congurations (k1 in B and D) for a single layer as function of P
and Q. The normalized stiness is dened in Eq. 4.8.
To nd a set of parameters such that the stinesses of each of the stable congurations are
signicantly dierent, we chose the design that maximizes the following objective function:





where i1i2i3i4 and j1j2j3j4 corresponds to dierent stable congurations; keff , is the real
part of the dynamic stiness computed using Eq. 4.7. As seen in Fig. 4.10B, the eective
stiness of the nine stable congurations for the best design obtained at room temperature
using Eq. 4.7 vary more signicantly than for the initial design. To conrm that this
architected material exhibits signicant deformation-induced tunability of its stiness, the
stiness was directly calculated using nite element simulations of the 4-layer architected
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material. For these simulations, the material was loaded at room temperature in the cases
of Congurations 0001, 0011, 0111 and 1111. In order to compute the eective stiness in
other congurations, the architected material was rst loaded at a higher temperature until
the corresponding layers snap, before changing the temperature to room temperature. For
all nine congurations, the eective dynamic stiness was computed by applying a harmonic
velocity of small amplitude at room temperature.
To illustrate the simulation process, the following discussion takes a bi-layer model as an
example. For a bi-layer bimaterial architected material, there are 4 dierent stable congu-
rations (00, 01, 10 and 11). Three steps are used in the simulations: compression loading,
relaxation, and periodic loading. In the compression loading step, the loading cell is initially
utilized to compress the structure with a loading velocity of 10mm/min; the loading cell is
then held for 1000 seconds, before unloading the loading cell. The deformed structure is
allowed to relax freely in the relaxation step for 6000 seconds. In the last periodic loading
step, a harmonic velocity of frequency 1Hz is directly applied at the top edge of the model
for 5 cycles. The eective stiness is computed using the last cycle of the simulation.
For the undeformed stable conguration (Conguration 00), only the periodic loading
step is needed. All these three steps are necessary for other three stable congurations.
Since the PEGDA layer snaps before the DM layer at room temperature, all three steps are
at room temperature to obtain the stiness values for deformed congurations 01 and 11.
However, in order to derive the stiness in the last stable conguration (Conguration 10),
the compression loading step has to be applied at a temperature, Tloading, above the critical
temperature, Tcr, as shown in Fig. 4.9B. Once the material has snapped to conguration 10,
the temperature is decreased to room temperature before the relaxation step, such that the
eective stiness is always calculated at room temperature. The loading temperature that
were used for the nine stable congurations of the 4-layer architected material are shown in
Fig. 4.9C.
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FIG. 4.9. A. FEA model of one bi-layer bimaterial architected material. B. Stiness calcu-
lation process for conguration 01 of a bi-layer bimaterial architected material. C. Loading
temperature for 4-layer architected material (Fig. 4.10D).
While small quantitative dierences with the spring model are observed, the stiness
obtained with these direct FEA simulations also show that the nine stable congurations
have signicantly dierent eective stinesses (Fig. 4.5B); for example, Conguration 1111
is 66% softer than Conguration 0000. The two congurations that have the most similar
stiness are Congurations 0111 and Conguration 1111; the dierence in their stiness
values is 4% of the stiness in Conguration 0000.
Examination of the parameters for the best design (Q1 = 3, Q2 = 3, Q3 = 3.2, Q4 = 4,
P1 = 13.7, P2 = 15.2, P3 = 17.1, and P4 = 19.5) makes it possible to get some insight
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about what is required to obtain highly tunable stiness. When the geometrical parameters
of a single layer of unit cells are such that the unit cells are close to the limit between
monostable and bistable behaviors (Qcr ≈ 3), the stiness in the undeformed conguration
is much higher than the stiness in the deformed conguration, as shown in the recent
work of Meaud and Che54. Because of the signicant dierence between the stiness in the
undeformed and deformed congurations of each unit cell, snapping from one conguration
to another conguration cause a signicant change in the eective stiness of the architected
material.
Other researchers have used temperature-induced eects to develop programmable ma-
terials with tunable stiness. For example, Restrepo et al.109,110 recently proposed periodic
cellular solids with tunable stiness by introducing controlled morphological imperfections
into the unit cells and exploiting the shape memory eect. Haghanah et al.? introduced
programmable architected materials that can tuned via using actuation of embedded electro-
magnetic locks. In contrast to our work, these materials are truly two-dimensional materials
while our architected material have only tunable properties in the vertical (Y direction).
Compared to this previous work, the use of multistable architected materials makes it pos-
sible to use a simple model based on a 1D chain of elastic springs that predicts with great
accuracy the stiness of an architected materials with N layers. This spring model makes it
easier to design materials with desired tunable stiness properties.
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FIG. 4.10. Normalized eective stiness of the stable congurations for 4-layer architected
materials. A. and B. Stiness values obtained with the spring model for the design of Fig.
4.5 (A) and the best design (B). C. Comparison of the stiness values obtained with the
spring model and the direct nite element simulations for the best design. D. Best design.
4.5 Summary
These numerical and experimental results demonstrate that the snapping sequence of multi-
material thermoviscoelastic architected materials can be tuned by varying temperature. In
contrast to architected materials that consist of a single material discussed in Chapter 3, tem-
perature can be used as a control parameter to tune the behavior of these smart materials
after fabrication. This novel physical behavior is made possible by the use of thermovis-
coelastic materials whose moduli cross-over close to room temperature. The temperature-
dependent switching of the snapping sequence of bilayer bimaterial architected material was
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systematically investigated using nite element simulations and experiments with samples
fabricated using an inverse molding process. The inuence of the geometrical parameters
on the critical temperature at which the snapping sequence switches from one sequence to
another sequence was analyzed. These reversible congurational changes in these architected
materials can be exploited to develop materials that are recongurable based on the desired
functionality. Exploiting the temperature-dependent snapping sequence in bimaterial archi-
tected materials that consist of a large number of unit cells makes it possible to obtain a
large number of distinct stable congurations only by applying a compressive load at dier-
ent temperatures. With a proper choice of design parameters, each of these distinct stable
congurations can have a unique value in its eective properties; the result demonstrated








Temperature was utilized in Chapter 4 to tune the snapping response of thermoviscoelastic
architected materials with snap-through instabilities because of the temperature-dependent
property of polymers. Besides having temperature-dependent properties, the polymers also
have time-dependent mechanical properties, as described in Chapter 1 Section 1.2.3.
In this chapter, the time-dependent snapping response of single layer architected materials
with thermoviscoelastic material was studied. For unit cells that can snap back from a
deformed conguration to the undeformed conguration, the snap-back is instantaneous if
the system is elastic, which means the system is monostable; however, for unit cells with
viscoelastic material, due to the relaxation of viscoelastic materials, the snap-back is not
instantaneous and can be delayed by a duration that depends on the geometrical parameters
of the system and on temperature. This time and temperature dependent mechanics could
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nd interesting applications in the elds of shape morphing, energy absorption and actuators
with self-recovery capabilities. The conditions for observing time-dependent snapping within
a single layer was investigated in this chapter. Moreover, the eects of temperature and
geometric design parameters on the time it takes for the system to snap back was also
studied using nite element simulations. This time-depend snapping was further extended
to a bimaterial bilayer architected materials.
5.2 Inuence of viscoelasticity on the bistability of archi-
tected materials
5.2.1 FEA model
A FEA model was built to analyze the nonlinear mechanics of single layer architected ma-
terials with snap-through instabilities. As shown in Fig. 5.1A, there are three parts in the
FEA model, i.e., the top loading cell, a single layer architected material, and the bottom
xture. 4-node bilinear quadrilateral plane-stress elements with reduced integration (CPS4R
in Abaqus) were used. Self-contact normal interactions were dened for the whole model.
The boundary conditions for the FEA models are as follows: the node at the middle of the
bottom edge of the architected material model is xed in the x direction, the bottom xture
is xed, and the x direction displacement of the loading cell is constrained. In order to study
the inuence of viscoelasticity on the bistability of architected material with snap-through
instabilities, the architected material models were built with both elastic and viscoelastic
constitutive models. The material parameters for DM are the same as in Chapter 4.
In the FEA simulations, there are three steps for the loading cell (shown in Fig. 5.1B):
(1) the loading step (the loading cell moves in -y direction with constant velocity to cause
the architected material model to collapse), (2) the relaxation step (the loading cell is held at































FIG. 5.1. FEA model of single layer architected material. A. Schematics of the FEA model
comprised of three parts: loading cell, architected material model, bottom xture. B. Load-
ing history for the loading cell.
5.2.2 Bistability of architected material made of an elastic material
As described in Chapter 2 Section 2.2, the bistability of a single layer architected material
with elastic constituent only depends on the geometric design parameters. For single layer
architected materials made up of unit cells without mode shape imperfections, the bistability
is only related to the geometric constant Q. Fig. 5.2A and Fig. 5.2B give the normalized
displacement vs time curves for single layer architected materials comprised of unit cells with
dierent Q when the architected material is loaded by a loading cell with a displacement his-
tory shown in Fig. 5.1B. With Q = 2.7, the single layer model snaps back to its undeformed
conguration after the removal of the loading cell, which means it is monostable; while for
the case with Q = 3.0, the single layer model remains in a deformed conguration after
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the removal of the loading cell, which means it is bistable. The limit between monostable
and bistable behaviors for these single layer architected materials with elastic material is













































loading cell and sample
FIG. 5.2. Inuence of the non-dimensional parameter Q = h/t on the bistability of a single
layer elastic architected material. A. Normalized displacement vs time curve for single layer
architected material comprised of unit cells with Q = 2.7. B. Normalized displacement vs
time curve for single layer architected material comprised of unit cells with Q = 3.0. C.
Bistability limit for single layer architected material with elastic material. (The normalized
displacement is dened to be the ratio of the displacement of the node on the top edge of
the sample utop to the initial height of curved part of the unit cell h.) The geometrical
parameters of the unit cell in the architected material model have the following values:
L/h = 4.91, T/h = 6.16, H/h = 1.55, w/h = 1.97, h/t = Q.
5.2.3 Bistability of architected material made of an viscoelastic ma-
terial
Although there is a distinct bistability limit for single layer architected materials with elastic
material, that distinction becomes more blurry in the case of a viscoelastic system. As a single
layer architected material with elastic constituent, a single layer architected material with
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viscoelastic material is monostable (the single layer sample snaps almost instantaneously)
when the geometric constant Q is small, for example the model with Q = 2.7 shown in
Fig. 5.3A. For larger geometric constant Q, for example the model with Q = 2.95 shown
in Fig. 5.3C, the single layer sample is considered to be bistable: it remains in a deformed
conguration for the duration of the simulations (5 hours). However, when the geometric
constant Q has an intermediate value, for example the model with Q = 2.83 shown in Fig.
5.3B, the bistability of a single layer architected material with viscoelastic material falls
into a third regime, that has been termed temporary bistability` by Santer7 or `pseudo-
bistability by Brinkmeyer et al.91. Initially the single layer sample appears to be locked in
an unstable equilibrium; however, after a long duration (about 33.7 minutes), it jumps to

























































































FIG. 5.3. Results of FEA simulations for single layer architected materials with viscoelastic
material. A-C. Normalized displacement vs time curves for single layer architected materials
comprised of unit cells with Q = 2.7 (A), Q = 2.83 (B) and Q = 2.95 (C). All simulations
are at room temperature (T = 20oC).
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5.3 Critical time for architected materials with viscoelas-
tic material
5.3.1 Denition of critical time
An objective and quantitative value, the critical time, was introduced to study the inuence
of geometric parameters and temperature on the time-dependent snapping. As shown in Fig.
5.4, the critical time, tcr, was dened to be:
tcr = t2 − t1 (5.1)
where t1 is the time when the normalized displacement of the loading cell equals 1 during
the unloading step, and t2 is the time when the normalized displacement of the architected
































FIG. 5.4. Denition of tcr for time dependent snapping of single layer architected material
with viscoelastic material.)
The three bistability regimes discussed in Section 5.2.3 (shown in Fig. 5.3) can be cate-
gorized by the relative values of tcr,
• the single layer sample is monostable, if tcr is very small (the sample was considered
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to be monostable if tcr < 3 seconds);
• the single layer sample is bistable, if tcr = ∞ (because the simulations need to be
completed within a nite duration, the criterion tcr > 5 hours was chosen to determine
whether a sample is bistable);
• the single layer sample is pseudo-bistable, if 0 < tcr < ∞ (the sample was considered
to be pseudo-bistable if 3 seconds < tcr < 5 hours).
5.3.2 Inuence of geometric design and temperature
After dening the critical time tcr, the inuence of geometric design and temperature was
studied using FEA simulations. The results shown in Fig. 5.5A demonstrates that the critical
time tcr is nearly temperature-independent for low Q values (for example Q = 2.75), which
corresponds to a monostable behavior; however, for high Q values (for example Q = 2.95),
the critical time tcr varies from 5 hours to less than 10 seconds as temperature increases
from 20oC to 60oC, which corresponds to a pseudo-bistable behavior. For even larger Q
(for example Q = 2.95, not shown in the gure), the sample did not snap back even after 5
hours, such that it was considered to be bistable.
Fig. 5.5B shows that the critical time tcr increases as the geometric constant Q increases
from a timescale of a few seconds to multiple hours. For example, when Q < 2.8, the
critical time tcr remains less than 3 seconds. The single layer samples with Q < 2.8 can be
categorized as monostable architected materials. For single layer samples with Q > 2.95,
the critical time tcr is larger than 5 hours; these single layer samples are categorized as
bistable architected materials. In the third regime, where 2.8 < Q < 2.95, the critical time
Q varies dramatically from seconds to hours. These single layer samples are referred to be
pseudo-bistable.
While the works of Santer7 and Brinkmeyer et al.91 demonstrate that pseudo-bistability
depends on the geometric parameters of a system with snap-through instability, the inuence
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of temperature is analyzed for the rst time here. For a given sample, varying temperature
makes it possible to tune the critical time after fabrication, from a time scale of a few hours





































































































FIG. 5.5. Inuence of geometric design and temperature on the critical time tcr for time
dependent snapping of single layer architected material with viscoelastic material (the max-
imum normalized displacement d̄ = 1.8), C is just the same gure as B with linear y scale.
x represents the the data points that have critical time tcr > 5 hours.
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5.3.3 Experimental validation
Experiments were conducted to validate the FEA results for the time-dependent snapping
of a single layer architected material . The samples were printed using the same 3D printer
(Objet Connex 260) described in Chapter 3. The printing material used here was also
DM9895. The experiments were conducted at dierent temperature and the loading velocity
was 14.25 mm/min. The displacement history of the sample was extracted from the recorded
video of the experiment. The maximum experiment time is 10 minutes. Several snapshots
from one experiment of sample with Q = 3.0 at room temperature were shown in Fig. 5.6.
Four points (1, 2, 3, 4) represent the sample top left, middle, right and the loading cell,
respectively. The snapshots demonstrate that there is a time-dependent snapping for this
sample: it took about 5 minutes for this sample to snap back to its initial conguration after









FIG. 5.6. Snapshot from the recorded experiment video of sample with Q = 3.0. A. Labeled
points 1, 2, 3, 4 for post-processing of the video to obtain the deformation history. 1, 2,
3, 4 corresponds to the sample top left, middle, right and the loading cell. B, C, D, E, F
and G are snapshots that correspond to the onset of contact between the loading cell and
sample, the end of the loading step, the loading cell and sample began to separate from each
other, the end of unloading, right unit cell fully snapped back and the end of the experiment,
respectively.
The displacement history of dierent samples with dierent Q values was plotted in Fig.
5.7. This gure shows that, during the unloading step, the displacement of the sample
initially follows that of the loading cell , then the sample loses contact with the loading cell.
Note that there are discontinuities in the displacement curves of the samples for both Fig.
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5.7A and B. These discontinuities are due to the fact that the loading cell and the sample
tend to stick to each other at t = 18.8 seconds under T = 20oC such that the sample was
lifted by the loading cell before suddenly dropping down.
At room temperature (20oC), the sample with Q = 2.7 returns quickly to its undeformed
conguration; however, the sample with Q = 3.0 appears to remain in the vicinity of a second
equilibrium for a long duration (about 5 minutes), before snapping back. This indicates
pseudo-bistable behavior. Increasing temperature T causes the sample to snap back earlier

































































FIG. 5.7. Normalized displacement vs time from experiment for the single layer samples
with dierent Q and temperature (only showing the data for the top middle of the samples).
A. Q = 2.7. B. Q = 3.0. The maximum normalized displacement is 2.0.
Once the displacement history curves were obtained, the critical time for each sample at
dierent temperature was calculated using Eq. 5.1. Fig. 5.8 validated previous results from
FEA simulations: the critical time tcr increases when the geometric parameter Q increases
and decreases from minutes to seconds when the temperature increases from 20oC to 40oC.
The results demonstrates that, for a given sample, varying temperature makes it possible to












FIG. 5.8. Eects of temperature and geometric design on critical time of single layer vis-
coelastic architected materials. Black circle symbol indicates that the sample with Q = 3.2
did not snap back within 10 minutes at 20oC.
5.3.4 Inuence of imperfections on the critical time
Some additional samples were also fabricated. These samples had dierent set of model
parameters, in particular the parameter t was considerably smaller. Because of the small
dimension, the lack of accuracy of 3D printing cause the presence of shape imperfections in
the samples. The geometrical parameters for these two sets of printed samples are given in
Table. 5.1.
TABLE 5.1. Geometrical parameters for printed samples




In experiments, these imperfections are inevitable and cannot be ignored. Chapter 2
discussed that higher mode imperfections could aect the bistability of a unit cell. FEA
simulations show that higher mode imperfections dramatically decrease the critical time
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tcr of single layer architected materials with viscoelastic materials. For example, Fig. 5.9
demonstrates that the critical time for a single layer architected material with Q = 2.85
decreases to less than 1 second when a 10% second mode imperfection is introduced.
T (oC)























FIG. 5.9. Inuence of higher mode imperfection on the critical time tcr for time depen-
dent snapping of single layer architected material with viscoelastic material (the maximum
normalized displacement d̄ = 1.8, Q = 2.85).
Fig. 5.10 shows that the top left (Point 1), top middle (point 2) and top right (point
3) of the samples (see Fig. 5.7) do have the same displacement, which implies that there is
some rotation of part of the sample (see Fig. 5.6F). This indicates that the printed sample
has a non-symmetric mode (2nd mode) shape imperfection. The value for the critical time,
evaluated using the displacement of point 2 at the middle of the sample (see Fig. 5.6A) is
tcr = 1.3 seconds.
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FIG. 5.10. Normalized displacement vs time from experiment for the single layer sample
with Q = 2.7. The maximum normalized displacement is 2.1.
The corresponding FEA model was built with perfect unit cells and unit cells with higher
mode imperfections (dened as Eq. 2.29). The results of normalized displacement vs. time
curves from FEA simulations are shown in Fig. 5.11. The critical time for this single
layer sample without imperfections is tcr = 56 seconds, which is much larger than the
experimental data. Due to a non-symmetric imperfection observed in the experiments, a
2nd mode imperfection was added for the FEA model with imperfections. After adding
higher mode imperfections, the critical time from FEA simulation is tcr = 1.21 seconds.
The comparison of normalized displacement vs time between FEA simulation with higher
mode imperfections and experiment are shown in Fig. 5.12, which gives good agreement
between FEA simulation and experiment. The results of Fig. 5.9 demonstrate that choosing
parameter values such that good control of the geometry is achievable is critical in order to
observe pseudo-bistable behavior with a high critical time value.
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FIG. 5.11. Normalized displacement vs time from FEA simulations for the single layer sample
with Q = 2.7. A. No imperfection included in the curved shape of the unit cells. B. Higher
mode imperfections introduced (a2 = a3 = 0.1).
Time (s)


























FIG. 5.12. Comparison of normalized displacement vs time between FEA simulations with
mode imperfection (a2 = a3 = 0.1) and experiment for the single layer sample with Q = 2.7.
The displacement of point 2 (see Fig. 5.6A) was used.
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5.4 Extension to multimaterial multi-layer architected ma-
terials
The time-dependent snapping observed in these single layer architected materials with vis-
coelastic material gives the insight to look at more complex architected material, like the
bimaterial system described in Chapter 4. The local stiness of a layer made of a viscoelastic
material decreases over time when the structure is held at constant strain. This makes it
possible to observe interesting time-dependent snapping of a bimaterial bi-layer architected
material. When it is rst loaded, only one of the two layers is in a deformed conguration.
Consider the experiment shown in Fig. 5.13. In this experiment, the bimaterial bilayer
sample (top layer with PEGDA, bottom layer with DM) was rst compressed at constant
velocity at 35oC until the top layer collapsed. Then the loading cell was held such that the
total strain of this sample was constant. Interestingly, it was observed that a congurational
change occurred, i.e., the deformed top layer snapped back to the undeformed conguration,
while the undeformed bottom layer snapped into a deformed conguration.
Undeformed state




After about 10 mins
FIG. 5.13. Experiment result of time dependent switching for a bilayer bimaterial architected
material with 30mm/min loading velocity at 35oC
5.5 Summary
In this chapter, the time-dependent snapping of single layer architected materials with a
viscoelastic constitutive model was studied. Unlike single layer architected materials with
elastic material whose bistability only depends on geometric parameters, temperature also
inuences the bistability of single layer architected materials with viscoelastic material. Due
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to viscoelasticity eects, there is no distinct limit between bistable and monostable behaviors.
A third regime, called pseudo-bistable behavior, was observed for single layer architected
materials with viscoelastic material. Depending on the critical time, these three regimes
(monostable, bistable, and pseudo-bistable) were analyzed. The inuence of geometric design
and temperature on the critical time was investigated using FEA simulations. The results
demonstrated that for a single layer model with pseudo-bistability, the critical time varied
from seconds to hours as temperature is increased. This time-dependent snapping behavior
was also observed in experiments with 3D printed samples.
Moreover, multilayer architected materials with pseudo-bistability can demonstrate in-
teresting snapping response. For example, after being deformed, a multilayer architected
material could recover layer by layer if the layers are designed to have dierent critical time
values. The capacity to tune the time dependent snapping could be utilized to develop novel
recongurable materials with programmable properties, and could nd interesting applica-




6.1 Summary of the completed research
This thesis studied one kind of architected materials comprised of unit cells with snap-
through instabilities. In order to study and analyze the nonlinear mechanics of this type of
architected materials, theoretical models for a single unit cell with both elastic and viscoelas-
tic constitutive models were developed and validated using FEA simulations.The developed
theoretical models are much more computationally ecient than FEA models to study the
nonlinear mechanics of a single unit cell with both an elastic and viscoelastic material. For
a single unit cell with elastic material, the force vs deformation curves and bistability were
analyzed. The results showed that it is possible to tune the critical force of a single unit
cell by varying the geometric design parameters and introducing mode imperfections. For
single unit cells with visceolastic material, besides the choice of geometric design and mode
imperfections, one can also utilize temperature and strain rate to tailor the mechanical re-
sponse due to the viscoelasticity eects. The advantage is that these control parameters can
be implemented after the fabrication of the samples.
Based on the theoretical model of a single unit cell with elastic material, a theoretical
model of multi-layer architected material with elastic material was developed and validated
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using FEA simulations. The deformation sequence for multi-layer architected materials was
analyzed using the theoretical model, FEA simulations and experiments with 3D printed
samples. The results demonstrated that one can obtain a deterministic deformation sequence
for a multistable architected materials with sanp-through instabilities by introducing some
geometric variations to the unit cells. This overcomes the limitations that the snapping
sequence is undetermined if the unit cells are identical.
Although the snapping sequences can be determined by varying the geometric design
parameters of the unit cells, the sanpping sequence of architected material with a single
material is xed and cannot be changed after being fabricated. In order to have tunable
snapping sequence and enhanced recongurability, this study continued to develop bima-
terial architected materials with snap-through instabilities by a facile 3D printing inverse
molding process. Due to the eects of viscoelasticity, the snapping sequence of these bi-
material architected materials was controllable by using dierent temperatures. Because
the snapping sequence is tunable, this kind of architected materials could have much more
stable congurations. This thesis demonstrated one potential application of recongurable
architected material with tunable mechanical stinesses.
In addition to having temperature-dependent properties, viscoelastic architected materi-
als with snap-through instabilities also have a time-dependent response. The time dependent
snapping of these materials was analyzed, primarily using nite element simulations. Unlike
single layer architected materials with elastic material, there were three regimes for single
layer architected materials with viscoelastic material: monostable, bistable and pseudo-
bistable categorized by the relative critical time tcr. The eects of temperature and geo-
metric design on the critical time were analyzed. The results demonstrated that the critical
time varied from seconds to hours for architected materials with pseudo-bistability. The
pseudo-bistable behavior was validated experimentally.
Analyzing the fundamental mechanics of architected materials with snap-through insta-
bilities in this thesis gave a better understanding of how geometric design parameters and
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temperature could be utilized to design and obtain recongurable architected materials with
switchable snapping sequences. The work of this study can give other researchers some
insights to develop and study similar architected materials with snap-through instabilities.
6.2 Opportunities for future work
The theoretical model of a unit cell with viscoelastic material could be extended to a mul-
tilayer model as was done in Chapter 3 for the elastic case. This theoretical model would
be useful to analyze the mechanical response of multilayer viscoelastic architected materials
with snap-through instabilities. Moreover, the theoretical model of a viscoelastic unit cell
could also be extended to study the time-dependent snapping of a pseudo-bistable unit cell.
The time-dependent snapping of architected materials with a viscoelastic material can
be explored to study what type of complicated time-dependent snapping response could be
obtained by assembling multiple layers made of dierent materials. Multilayer viscoelastic
architected materials makes it possible to exhibit interesting snap-back behavior layer by
layer with a tunable critical time. These architected materials could have potential applica-
tions of actuators with self-recovery capabilities.
Furthermore, some limitations of this work are that it focuses on the 1D architected
materials with snap-through instabilities. 2D and 3D designs of architected materials with
snap-through instabilities have been recently proposed6. Extension of the analysis of vis-
coelastic eects for these designs could expand the range of applications for the concepts
that were investigated in this thesis.
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Appendix
Appendix A: Material model parameters
Two materials used in this dissertation are PEGDA and DM9895. PEGDA is modeled
as an elastic material with a constant Young's modulus of 25MPa. DM9895 is modeled
as a thermoviscoelastic material, with a 27 term Prony series. The material parameters
for DM9895 are the values of E0, Ei, τ 0i , C1, C2 and TM (see Eqs. 2.22-2.24). These
parameters were found in a previous paper by tting the model to DMA measurements83.
For completeness, the parameters are listed in the Tables 1 and 2:








TABLE 2. Parameters for the viscoelastic branches in the viscoelastic model





























Appendix B: Modal amplitude calculation from FEA
Using integration by part, the integration of the product of one mode shape and of the 2nd


















if i = j
(6.1)





















Ai(t) if i = j
(6.3)






w(x, t)W ′′ndx for n = 1, 3, . . . , Nm (6.4)
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